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The Birnbaum-Saunders distribution is a widely studied model with Received 16 November 2018
diverse applications. Its origins are in the modeling of lifetimes asso- Accepted 10 July 2019

ciated with material fatigue. By using a motivating example, we KEYWORDS
show'that, even when Ilfe'Flm'e dqta related to fatlgue are mpdeled, Correction of bias; fatigue life
the Birnbaum-Saunders distribution can be unsuitable to fit these data; maximum likelihood
data in the distribution tails. Based on the nice properties of the method; Monte Carlo
Birnbaum-Saunders model, in this work, we use a modified skew- simulation; R software;
normal distribution to construct such a model. This allows us to skew-normal distribution
obtain flexibility in skewness and kurtosis, which is controlled by

a shape parameter. We provide a mathematical characterization of

this new type of Birnbaum-Saunders distribution and then its sta-

tistical characterization is derived by using the maximum-likelihood

method, including the associated information matrices. In order to

improve the inferential performance, we correct the bias of the cor-

responding estimators, which is supported by a simulation study. To

conclude our investigation, we retake the motivating example based

on fatigue life data to show the good agreement between the new

type of Birnbaum-Saunders distribution proposed in this work and

the data, reporting its potential applications.

1. Bibliographical review and motivating example

In this section, we provide an introduction to the topic accompanied by a state of the
art about studies linked to the present research. In addition, a motivating example from
material fatigue is discussed to justify the development of the proposed methodology.

1.1. Introduction

The Birnbaum-Saunders (BS) model is considered as a life distribution due to its origins
describing fatigue of materials subject to stress. Then, the BS distribution assumes a promi-
nent role in the areas of reliability and survival analysis, being a good alternative to standard
distributions used in such areas. For more details, see [10, 26, pp. 651-663, 32].
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The origins of the BS model lie in physical problems of vibrations in commercial air-
crafts which provoke material fatigue. Note that fatigue is a structural damage that occurs
when the material is exposed to stress and tension fluctuations. Motivated by these prob-
lems, Birnbaum and Saunders [10] proposed a family of distributions to model the failure
time of materials and equipments subject to dynamic loads, where the failure stems from
the development and growth of a dominant crack. Birnbaum and Saunders [11] formalized
this distribution as a probabilistic model for fatigue life, developed estimation of its param-
eters using the maximum likelihood (ML) method and derived some of their mathematical
and statistical properties.

Although its origins were in the statistical modeling of equipment lifetimes
under dynamic loads, the BS distribution has been studied and applied in many
fields including, but not restricted to, business and industry as well as earth, eco-
nomic/financial/management, engineering and medical sciences, which have been con-
ducted by an international, multidisciplinary research group during more than one decade;
see [7-9,12,15,16,18-25,27,29-31,33-35,37-43,46,48-51], and references therein.

The BS distribution is asymmetric, unimodal and has two parameters modifying its
shape and scale, this last one being besides its median. The BS distribution has attractive
properties, being one of them its relation with the normal or Gaussian model; see [32].
Indeed, the BS distribution is similar to the normal distribution, but in an asymmetric
setting, where the median, one of the BS parameters, is known to be a better centrality
indicator than the mean. Therefore, the BS model has been quite effective to describe data
following distributions skewed to the right. The BS model has good properties which have
allowed it to be widely applied to different areas, as mentioned, but its main applications
are found in problems of material fatigue. Consequently, in this kind of problems is where
the BS distribution should provide a better fitting, due to its genesis from the cumulative
damage law; see [32].

The main objective of this paper is to propose a methodology using a new type of BS dis-
tribution based on the modified skew-normal (MSN) distribution studied by Arrué et al.
[3]. This allows us to obtain flexibility in skewness and kurtosis, which is controlled by
an additional shape parameter. Thus, the new type of BS distribution has three parame-
ters which modify its shape and scale. We estimate the three model parameters with the
ML method. Performance of these estimators and their bias correction (reduction) is eval-
uated by Monte Carlo simulations. The numerical results obtained in this investigation
were computed with R, an open source statistical software for graphics and data analysis
that is widely used by the international scientific community; see www.R-project.org and R
Core Team [44]. In the following subsection, we present an example from material fatigue
to motivate our study.

1.2. Motivating example from material fatigue and description of contents

Aluminium is a widely used material in engineering. Some properties of aluminium 6061-
T6 are: ductility, high strength, malleability, resistance to corrosion and tenacity, among
others. These characteristics make this material to be commonly used for diverse purposes.
For example, to built camera lenses; aircraft and spacecrafts components; electrical acces-
sories; utensils for transportation; vehicle brakes components and transmission shafts.
Fatigue is a feature that can cause failure of aluminium specimens. In many engineering
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studies, it is necessary to consider probability models for describing aluminium fatigue
life data. An important aspect in parametric lifetime analysis is to identify the appropriate
life distribution. Most of the probabilistic models used to describe lifetime data are cho-
sen based on one or more of the following three aspects: (A1) a theoretical argument for
the specimen’s mechanism of failure; (A2) a model that has previously been used with a
successful result; and (A3) an appropriate model that fits the data well. A frequent prob-
lem detected in (A3) is that life tests generate little data that represent the failure of the
specimen. This is generally due to the time horizon of the life test, which is often short, or
lack of financial resources to wait for all specimens to fail. In this type of data, it has been
verified that some life distributions of two parameters, that have certain flexibility, fit rea-
sonably well in the central region, because usually there is a suitable number of data in this
region of the distribution. However, in lifetime data analysis sometimes the interest is in
the low or high quantiles of the distribution, for example, to establish lethal doses, policies
of maintenance, safe life, or warranties. Indeed, the fit of life distributions in their tails is
often inaccurate. This is because of the lack of observations in the tails, which conducts to
a wide discrepancy among probability models of similar characteristics. Such a situation
makes it difficult to identify an appropriate life distribution through visual and goodness-
of-fit tests, which is a problem because these methods are often considered to decide what
distribution is going to be used. Thus, it is better to begin the selection of the candidate
distribution with a theoretical argument. For example, an argument of ‘fatigue’ or ‘cumu-
lative damage’ justifies the BS distribution. In spite of the aforementioned, we cannot only
consider theoretical arguments, since the argued models can also be appropriate for other
applications. In summary, when we must choose one or several probability models as can-
didates, the life distribution that is selected to solve the problem must be logical and, in
addition, supported by graphical tools and statistical tests for fitting the data and/or crite-
ria of model selection. It is important to have in mind that due to the time horizon above
mentioned, censored data can also be present. We do not consider it in our study because it
is beyond the objective of the present investigation. However, some comments about future
studies related to censored data are mentioned in the final section.

The motivation for our study came from a real-world fatigue data set analyzed by Birn-
baum and Saunders [11] and Martinez-Florez et al. [41], corresponding to fatigue life in
cycles x1073 of n = 101 aluminium specimens of 6061-T6 type, which were cut in parallel
to the rotation direction at a speed of 18 cycles per second, with a maximum stress of 21,000
psi. We refer to these data as ‘fatigue’. Table 1 reports basic statistics for the data under anal-
ysis related to minimum and maximum values, mean, median, standard deviation (SD) as
well as coefficients of variation (CV), skewness (CS) and kurtosis (CK). Figure 1 shows the
histogram and box-plots (standard and adjusted for asymmetry) using fatigue data. For
details about the box-plot adjusted for asymmetric data, see [45].

First, it seems natural to model ‘fatigue’ data by the well-known normal distribution,
because it is a widely studied distribution with good properties. In addition, the nor-
mal distribution of mean p and variance o> —denoted by N(u, o)~ is supported by the

Table 1. descriptive summary for fatigue data.

n Min Max Mean Median SD v cs CcK
101 370 2440 1400.84 1401 391.01 27.912% 0.14 2.72
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Figure 1. Histogram (a), standard box-plot (b) and adjusted box-plot (c) for fatigue data.

descriptive summary presented in Table 1 and the histogram and box-plots of Figure 1
for the fatigue data, which reveals us this distribution can be indeed suitable. The slight
asymmetry observed in the histogram is confirmed by the CS reported in Table 1. The
adjusted box-plot detects some atypical values that the standard box-plot does not detect.
However, from Figure 2(a) and based on the theoretical quantile versus empirical quan-
tile (QQ) plot, note that the normal distribution (with & = 1400.738,6 = 389.135) does
not capture extreme data well, as it is known. Second, since the data represent material
fatigue, it seems reasonable to model them with the BS distribution of shape parameter
o and scale parameter 8 —denoted by BS(«, 8)-; see details in [32]. The result of this fit-
ting (with & = 0.310, = 1336.563) is presented in Figure 2(b), which is slightly better
than the normal fitting mainly at the left tail. Nevertheless, the extreme data located at the
right tail are not captured correctly by the BS distribution. Third, another alternative to
improve the fitting is to use one of the most important asymmetric models in the litera-
ture, which is known as the skew-normal (SN) distribution of mean p, variance o2 and
asymmetry parameter A1 —denoted by SN(u, o2, 11)-, which was introduced by Azzalini
[6]; see details about the SN distribution and its inference in Section 2.2. The new fitting
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Figure 2. QQ plot for normal (a), BS (b) and SN (c) models with fatigue data.
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using the SN distribution (with i = 1119.884, 6 = 479.982, A1 = 1.077) is presented in
Figure 2(c), which once again is slightly better now at the right tail, but it is not totally satis-
factory. In summary, it is necessary to consider a model to describe fatigue data which can
accommodate asymmetry and kurtosis well. The three considered models are not totally
suitable and their usage can distort the results obtained from the data analytics. Therefore,
this example serves as a motivation to formulate a model that allows us to describe fatigue
data adequately, which should be based on theoretical arguments useful in material fatigue,
and to fit asymmetry and kurtosis well.

The rest of the paper proceeds as follows. Section 2 provides a background of BS, SN
and MSN distributions. In Section 3, we formulate a new type of BS model, that we call
the modified skew-normal Birnbaum-Saunders (MSNBS) distribution, state some of its
mathematical properties, and conduct a shape analysis. Then, in Section 4, inference and
estimation based on the ML method are derived for the parameters of the new model. In
addition, in this section, we propose bias reduction on the corresponding ML estimators.
Afterwards, in Section 5, the estimation methodology is evaluated through Monte Carlo
simulations and the new model is illustrated with the fatigue data presented in the motivat-
ing example. Lastly, some concluding remarks and possible future research are mentioned
in Section 6.

2. Preliminaries

In this section, we present a background related to the BS and MSN distributions.

2.1. The BS distribution

Let X ~ BS(«, B). Then, the probability density function (PDF) and cumulative distribu-

tion function (CDF) of X are, respectively, given by

x 32 (x+ )
NG

where a,(a, 8) = b(x)/a, with b(x) = (/x/B — /B/x),and ¢, ® are the standard normal
PDF and CDE respectively. The BS distribution admits the stochastic representation

fX(X;a’ﬂ) = (Z)(ax(oz,,B)) FX(X;O[, :3) = (ax(a’ﬂ))’ x>0, (1)

X=8 (aZ/Z + ((@z/2)? + 1) 2)2, 2)

where Z ~ N(0,1). Note that the mode of X -denoted by xn— is given by the solu-
tion of (B — xm) (¥m + B)? = a?Bxm(Xm + 3B8), which does not have a closed analyt-
ical form. Some properties of X ~ BS(«, 8) are: (i) ¢X ~ BS(«, ¢f), for ¢>0; and (ii)
1/X ~ BS(«,1/B). The first property indicates that the BS distribution belongs to the
scale family. The second property tells us that the BS distribution is closed under recip-
rocation. The survival function and hazard rate of the BS distribution are defined, in
general, as Sx(x) =1 — Fx(x) and rx(x) = fx(x)/Sx(x), for x> 0, respectively, where
frt) = F/T(t), that is, fr(t) is the derivative of Fr(t) with respect to . Observe that the
BS hazard rate is upside-down bath shaped, with its change point —~denoted by x.- being
a decreasing function of « and obtained from the solution of ®(—ay(«, B)) (b (x) —
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(V' (%))%b(x)) + ap(—ax(a, B)) (¥ (x))?> = 0, which does not have a closed analytical
form, where ay(c, 8), b(x) are given from (1) and b'(x), b”(x) are, respectively, the first
and second derivatives of b(x) with respect to x. In addition, lim,_, ¢ rx(x) = 0 and
limy_ o0 x(x) = 1/(2a?B). For more details about BS hazard rate, see [4,28].

Next, we propose a family of flexible distributions which can be useful for solving the
problem presented in the motivating example of Section 1.2. This new family contains the
BS distribution as a particular case and is based on the MSN distribution, which is detailed
in the following subsection.

2.2. The modified skew-normal distribution

A random variable V is standard SN distributed with parameter A; —denoted by V ~
SN(A1)- if its PDF is given by

fv(vh) =20(»P 1v), veR, A eR, (3)

where ¢ and © are, as mentioned, the standard normal PDF and CDE, respectively. When
A1 = 01in (3), the normal distribution is obtained. For values other than zero, the param-
eter A; controls the asymmetry of the model, making it more flexible than the normal
distribution. Indeed, in the motivating example of Section 1.2, the SN distribution shows a
better performance than the normal model. However, the SN distribution does not model
well some atypical data of this example presented in its right tail. Another aspect of the SN
distribution to be taken into account, which can be considered as a disadvantage, is that its
Fisher information matrix is non-singular only when the asymmetry parameter is A; # 0.
However, when A; = 0, we are unable to perform standard asymptotic inference due to this
disadvantage. Following Arellano-Valle et al. [1], a model with similar characteristics to the
SN distribution was proposed by Arrué et al. [3], which corresponds to the MSN formula-
tion. One of the advantages of this formulation is that the Fisher information matrix does
not present the singularity problem that the SN distribution has; see also [2]. A random
variable W follows an MSN distribution with parameter A —~denoted by W ~ MSN(})- if
its PDF is defined as

fww, L) =20w)du(w)), welR, A elR, (4)

where u(w) = w/~/1 + w?. Therefore, it is of interest to propose new models that can cap-
ture asymmetry and kurtosis in a flexible way, as well as being able to contain the BS model
as a particular case and not as a limiting case. This allows the new model to be proposed
in a context of material fatigue and to solve problems as that presented in the motivating
example of Section 1.2. For the aforementioned, we propose in Section 3 the MSNBS dis-
tribution by considering in the stochastic representation for X ~ BS(«, 8) defined in (2)
that Z ~ N(0, 1) is replaced by W ~ MSN(L).

3. The new type of BS distribution

In this section, we present some mathematical features and a shape analysis of the MSNBS
distribution.
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3.1. Probability functions

We state that a random variable T has an MSNBS distribution if we replace X ~ BS(«, B)
in the stochastic representation given in (2) by T ~ MSNBS(«, 8, A), whereas Z ~ N(0, 1)
is replaced by W ~ MSN(A). Then, the PDF of T is expressed as

—-3/2

Jrto, B, 1) = 2¢ (ar(a, B))P (Aulai(a, B))) ;{—ﬁ(t + B

t>0, >0, 8>0, A eR, (5)

where a;(a, B) is given analogously as in (1) and u(w) = w/+/1 + w?. The survival
function and hazard rate of the MSNBS distribution are defined, respectively, as

fr()

Sr(t) =1—=Fr@®), rr) = 51

t>0,

where Fr(t) is obtained in Proposition 3.2, whereas convergence of rr(t) is presented in
Proposition 3.1. Both proofs are provided in Appendix 1.

Proposition 3.1: Let T ~ MSNBS(«, 8, 1). Then,

1
2028

Figure 3(a)-(d) shows shapes of the MSNBS PDF for different values of «, 8 and .
Note that the MSNBS PDF has high flexibility shapes when changing the values of o and 1.
Figure 3(e,f) displays shapes of the MSNBS hazard rate with unimodal behavior for differ-
ent values of @ and A. Observe that unimodality of the MSNBS PDF and hazard rate cannot
be obtained in a closed analytical form, but their non-linear equations may be generated
in a similar way as in the BS case presented in Section 2.1.

lim rp(t) =
t—00

Remark 3.1: Note thatif . = 0, the MSNBS PDF given in (5) reduces to the BS PDF given
in (1), that is, the MSNBS model contains the BS distribution as particular case when the
parameter A is zero, inheriting some of the properties and applications that the BS distri-
bution has. Therefore, the MSNBS model is an extension of the BS model by incorporating
the parameter A, which in turn affects its asymmetry and kurtosis, making the BS model
flexible. We can use the likelihood ratio test to detect significant differences between the
BS and MSNBS models when fitting a data set, as well as performing asymptotic inference
when A = 0, since the Fisher information matrix is non-singular in that case.

3.2. Properties and moments
Some properties and moments of the MSNBS distribution are provided next.
Proposition 3.2: Let T ~ MSNBS(«, 8,A) and W ~ MSN(A). Then, the CDF of T is

Fr(t;a, B, 1) = Fw(as(a, B); 1), for t > 0, where Fy is the MSN CDF obtained from the
PDF given in (4).
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(@) (b)

Figure 4. plots of the CS 7 (a) and CK y; (b) of the MSNBS model.

Proposition 3.3: Let T ~ MSNBS(«, B, 1) and W ~ MSN(A). Then, the pth percentile of
Tis

2
tipsa, B, 1) =B <0£Wp/2 + ((Olwp/Z)z " 1>1/2> )

where w), is the pth percentile of the MSN distribution, given by w, = Fa,l (p; 1), with Fa,l
being the inverse function of the MSN CDF Fy.

Proposition 3.4: Let T ~ MSNBS(«, 8,1) and W ~ MSN(A). Then, the rth moment
of Tis

r i r—1
.o\ 2(r—k)
BT =28 i) Ci(3)  @r—b—Du+26 ) CiH,
i=0 k=0 i=0

where Cy, is the combinatorial number of n over m, H; = (1/2)E[h;(W)], with hi(z) =
(az/2)~CHD ((az/2)? + DED2 and Q(r—k) — DI = 2 —k) — 1) x 2(r — k)
—3)x---x L

In order to obtain the expressions of the CV and CK, we must calculate the cen-
tral moments w using the non-central moments p,, for r = 2, 3, 4. To achieve this,
we use the relations ) = o — ud, p} = us — 3puips + 243 and ) = g — 4 ps +
6M%M2 — 3,uf11. These relations allow the CS and CK to be calculated, which are given by
y1 = s/ (W) and yr = )/ (1h)? — 3, respectively. From Figure 4(a), note that ; con-
verges to 24/2 as A — 400 and @ — co. However, when A — —o0 and a — +00, Y1
increases indefinitely. If 4 — £o00 and o — 0, then y; — —oo. Figure 4(b) shows that
y2 converges to 15 as A — 400 and o — oo. Nevertheless, as A — —o0o0 and o — o0,
1 increases indefinitely, similarly when A — £o00 and ¢ — 0. In contrast, the minimum
value of y, is 1.95.

4, Estimation and inference

In this section, we perform inference and estimation based on the ML method for the
MSNBS model parameters. In addition, we propose bias reduction of the corresponding
estimators.
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4.1. Estimation and information matrices

Let Ty,..., T, be arandom sample of size n from T' ~ MSNBS(#), with @ = («, B, A). The
log-likelihood function for @ is given by

1 n
£(0) = co — nlog(a) — glog(ﬁ) -3 > ai-= Zlog(t,) + Zlog(t, + B)

i=1 i=1

+ ) log(®(huay)),

i=1
where ¢y is a constant which does not depend on 0, a; = a;,(«, 8) = (1/a)(/ti/B —

VB/t), with t; > 0, fori =1,...,n,& > 0, B > 0 and A € R. Then, the corresponding
score vector has elements defined as

n —2 _ —
Se = 5 <ﬂ -1- )»;0103), Sn = npiot

s L1 1 L1 S Ao
=n|l—-—+ —— — — = - _ ,
P 28 2no? — Bz neti+p 20(,3'0013

where

1 <& a{‘W’;i — 1 <
) = — —_—, az = — a-z)
Pnpm » ;:1: (1 +a’2)m/2 n ;:1: i

_ o 20u@) ot B o x
Cl_g()bu(a’))_cb(ku(ai))’ Wz—\/;-i-\/l:, u(x)—(1+x2)1/2'

Resolving the system given by the score functions after equating them to zero, we obtain
the simplified equation system given by

with

1 < A
- - = + - - bl
2na2 < ) n Z ti+ ,3 20(,3 Pors

i=1

where a2 — 1 = Ap103 and p1o1 = 0, whose solution, based on numerical methods, gives
us the ML estimates of the model parameters. The elements of the observed information
matrix, Jo,; = —03%£(0)/06;00; (see Appendix 2), are given by

n — _ _ _ — _
Joa = 2 (1 — 3a2 + A(P103 + P105 — 20305) — A 307 — )»277203) ,

n

n 2 ti B
= == =2 ) + iors — 26m5) — 27 — A
JBa 2028 < ot (ﬂ . ) + A(Po15 — 20215) 0217 77113)

i=1 !
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]ak

Ql:

(—P103 + A% 305 + Ai20z2) »

1 1 < 1 « 1 1
=n|— - ——= ti— — + A(Q2apo13 + a’p
Jsp (2,32 BWEVTE 1221 i ,221 Gt T ap (%2 o1 0103)
3,.2= - 2, 2= _ 2= -
— A(@"p307 + 4p107) — A7 (" 1203 + 41003) — 3A (e p305 + 4,0105))> ,

n _ _ _ _ _
Jig = — (—po1s + A2 po1s + A112) s o = —n(AP303 + 7201)s

2ap
where 7upm = (1/n) Z?:l(a?ﬁ/',f’{iz) /Q —{—af)m. The elements of the expected Fisher
information matrix, log, = —E[S;S;] (see Appendix 2), are obtained as
1 2
loa = ) (24 Am03), Dp = __,3( po13 + A2 0215 + Anin),
1
Loy = —;)»7’)202, L. = m2015

1 E[T
Ipa = T202p (-a (% — BE |: ]) + A(po1s — 2p215) — A pa17 — )»277113> ,

Ton — 1 E[T] E 1
ﬂﬁ__2_,82+052,33+ (T + B)? + 2/32

where Pnpm = E[(a"wP¢)/(1 + aZ)m/Z] and Nnpm = E[(anﬁ,p;Z)/(l + a2)m], with Prnpm =
0if nis odd and p = 0. For the case A = 0, we have

(W*(a®n203 — 27apo13 + 41003)),

a% 0 0
I(, B8,0) = 0 dy dx R (6)
0 dy ds3
where
/14 (%)? 2 1/2
dy; = 2\/;/0 TENSEE ——o59()dz, dyz = ;(1 — (2m) "/ exp(1/2)®(-1)),

L] 1 \/?_ 7 exp(2/a®)(1 = @ (3))
22 — otz_ﬂz + \/Z_Tﬂz E o .

Note that the matrix I(«, 8, 0) defined in (6) is non-singular, which allows us to apply the
standard asymptotic theory for testing the hypotheses Hyp: A = 0 (BS model) vs. H;: A #£ 0
(MSBBS model).

4.2. Bias reduction

In many cases, the ML estimate of A overestimates its true value and, in some of these
cases, it can be infinite with some probability. Particularly, when all terms a;, > 0, mean-
ing min(#;) > B, the profile of the log-likelihood function, defined by £ofi1e = L@, B, ),
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where &, B are the ML estimates with the value of A being fixed, is increasing monotone.
Therefore, we obtain an infinite ML estimate; see [36]. However, the probability of infi-
nite estimates decreases rapidly as the sample size increases. In addition, as min(#;) > B
is equivalent to a5, > 0, with i = 1,...,n, and W ~ MSN(A), which implies that —
MSN(—A), we focus our study only on positive values for A. In this case, the bias of the
ML estimator of A is positive, and the ML estimators of the parameters « and $ have small
biases. We apply here the method proposed by Firth [17] to reduce the bias of the param-
eter X, used by Sartori [47] for the SN distribution, and by Arrué et al. [3] for the MSN
distribution. The bias of the ML estimator A has order O(n~1); see [14]. However, the bias
of the modified estimator A* has order O(n?); see [17]. The solution to the equation of
modified profile log-likelihood function is given by

proﬁle ) = proﬁle *) +M@®H) =0, (7)

where Uprofile is the profile of the score function defined as Uprofile(A) = Z?:l u(a;)
¢ (@), with a; = (1/8)((6/ B)'1? = (B/1:)"/?), where M(1) = —2a12(2)/ an (3)) is
a modified function, with a, (1) = E;, (u(&i)kgh(ku(&i))) and ¢ (x) = ¢ (x)/P(x), where
ar; = 0 when k is odd and ay; > 0 when k, h are even. As A* follows an asymptotically
normal distribution with variance equal to 1/I;, obtaining a symmetric confidence inter-
val (CI) around A, it might possibly contain negative values of A, which does not always
adjust to reality. In order to better reflect the symmetry for the CI, we introduce the con-
cept of profile quasi-likelihood function associated with U (A) given in (7) and defined
as

proﬁle

A A
proﬁle ) = / U;roﬁle(t) dt = Zproﬁle(}‘) - Eproﬁle (o + / M(1) dt,
c ]

2
where c; is a real arbitrary value. Since M(}) is of order O(1), hence £*(9) is a penalized
likelihood function, whose penalization is bounded Thus, the log-likelihood ratio statis-
tic based on R;roﬁle A = Z(Zproﬁle (A*) proﬁle (A)) maintains the usual asymptotic x 2(1)
distribution and it can be employed to calculate CIs for A. We have that M(}) is bounded,
which allows us to prove the existence of the estimator A*. This proof can be obtained
almost directly from Arrué et al. [3].

5. Numerical evaluations

In this section, we evaluate the estimation methodology with Monte Carlo simulations
and illustrate the new model with fatigue data presented in the motivating example
(Section 1.2).

5.1. Monte Carlo simulations

We simulate data from the MSNBS(«, 8, 1) distribution for different sample sizes and
parameter values. Data are obtained by the stochastic representation given in (2) with
W ~ MSN(A), where W |S = s ~ SN(s) and S ~ N(, 1); see [1]. From Table 2, note that
A is overestimated and also there are cases in which its estimate is infinity. This depends on
the sample size and on the true value of the parameter. However, the estimation of param-
eters o and S is very good, since they are always finite and their biases are quite small. Firth
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Table 2. Bias of the indicated estimator, empirical CP of 95% Cls based on U;roﬁle(k) and
empirical percentage of cases when A is finite, based on Monte Carlo simulations.

n « B A Bias(@ Bias(f) Bias()®  Bias(A*) P %G < o0)
50 05 1 5 —00037  0.0035 1.8412 —0.7553 945 87.2
100 05 1 5 —00020  0.0017 1.2481 —03145 940 98.1
200 0.5 1 5 —0.0010 0.0005 0.5644 —0.0940 94.5 99.9
50 0.5 1 10  —0.0087 0.0082 1.6201 —3.4943 88.3 65.6
00 05 1 10 —0.0039  0.0026 3.4054 —14599 917 88.2
200 05 1 10 —0.0010  0.0006 2.8928 —03672 933 983
50 1 1 5 —0.0065 0.0145 2.1261 —0.8364 93.5 87.6
100 1 1 5 —0.0001 0.0033 1.5285 —0.2849 94.2 97.5
200 1 1 5 0.0012  0.0014 0.6865 —0.0948 947 100.
50 1 1 10 —00169 00173 1.4553 —36286 879 64.1
100 1 1 10 —0.0076 0.0050 3.3726 —1.5270 92.1 88.3
200 1 1 10 —0.0032 0.0019 2.9408 —0.4791 934 98.4
50 2 1 5 —0.0092  0.0788 2.0509 —1.2465 852 84.6
100 2 1 5 0.0085  0.0274 1.8715 —0.4878  92.1 9.9
200 2 1 5 0.0089 0.0045 0.8351 —0.1385 94.6 99.9
50 2 1 10 —0.0484 0.0550 1.4590 —4.1786 85.7 63.0
100 2 1 10 —00060  0.0134 3.7671 —1.6031 917 86.4
200 2 1 10 —00042  0.0069 2.9325 —0.6352 928 98.0

3Indicates this is computed when * < oo

[17] proposed to reduce the bias only for the parameter 1. The estimator of A* always exists
and is finite. The bias reduction of A is quite effective, considering the fact that this reduc-
tion applies when A is finite and/or infinite. The empirical coverage probability (CP) of the
corresponding CI is close to the nominal value (95%) and slightly less when the sample
size is small, which is due to the high percentage of infinite values for A.

From Table 2, note that the biases of 8 and i are always positive, which indicates that
the corresponding log-likelihood function is increasing over (8, 1). However, although the
bias of B is always positive, this bias is negligible even in small samples, so that estimates
of B can be considered empirically unbiased. On the one hand, in the case of the bias of
%, which is always positive as well, this sign for the bias can be justified on the fact that, in
the underlying model, its parameters are generally overestimated by the ML method. On
the other hand, the bias of * is negative due to this tends to underestimate the true value
of A, possibly explained by a high percentage of ML estimates of A with infinite values.
However, this bias approaches zero as the percentage of ML estimates of A with infinite
values decreases. When A is zero (results omitted here for reasons of space), the bias of
its estimator is very small (confirming that overestimation occurs for large values of 1)
and fluctuating between positive and negative values, with a similar behavior for 8. More
simulation scenarios were considered but the results were similar so that we do not report
them.

5.2. Motivating example (continuation)

Table 3 reports the ML estimates for the BS and MSNBS distribution parameters. The
values in parentheses correspond to estimated asymptotic standard errors. Values of the
log-likelihood function and Akaike information criterion (AIC) are also reported indicat-
ing an excellent agreement of the proposed model to the fatigue data; see Figure 5. In order
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Table 3. ML estimates of indicated model parameters (with
estimated standard errors in parenthesis) as well as values for
the log-likelihood function and AIC with fatigue data.

Estimate BS MSNBS
6£ 0.310(0.035) 0.498(0.049)
/? 1336.563(93.860) 1951.042(84.172)
A - —4.046(1.190)
log-likelihood —751.332 —746.574
AIC 1510.664 1505.149
o S o
(<] - - - BS 9
. " g | ©
8 4 g "
L S : . S
B i g
g - 3
N 5 o
°© N ~
o o <
84 o °
= B e e § Y ‘ ‘ ‘ ‘ s T T T 1
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Figure 5. histogram with fitted BS and MSNBS distributions (a), QQ-plot of the MSNBS model (b) and
the empirical and theoretical MSNBS CDF (c) for fatigue data.

to confirm this, we test the hypotheses Ho: A = 0 versus H;: A # 0. Then, using the log-
likelihood ratio statistic given by R = 2(£pg; 5 ~ bvsnps@pi))> and replacing the ML
estimates given in Table 3, we have R = 9.516, with p-value = 0.002. Therefore, we reject
the null hypothesis at 5% of significance and we can say that the MSNBS distribution is
a more adequate model for describing the fatigue data than the BS distribution. Figure 5
shows the data histogram with fitted BS and MSNBS PDFs (a), the QQ-plot of the MSNBS
model (b), and the empirical and theoretical MSNBS CDF (c), obtained by the parameter
estimates of every model. All of these graphical plots visually confirm the excellent fitting
of the MSNBS distribution to the fatigue data. Table 4 provides the ML estimates /i, 7, A
and the modified ML estimate A*, with their corresponding asymptotic standard errors (in
parentheses) obtained from the associated Fisher information matrix, as well as the Cls
of A and A*. We use the asymptotic N3(0, 1(8)~!/n) distribution of 0 for obtaining these
inferential results, where I() is given as in (6) and § = (u,0,1) or § = (u,o,1*). Note
that the CI of A is less accurate than in the case of not applying bias reduction.

Table 4. ML estimate of the indicated parameter with standard errors in parentheses and
log-likelihood value for fatigue data.

fi & by A 06,3 e,
0.498(0.047) 1951.236(80.390) —4.043(1.131) - —746.574 -
0.498(0.050) 1951.236(90.789) - —3.342(0.913) - —746.880
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6. Conclusions and future work

We derived a new type of Birnbaum-Saunders model based on the modified skew-normal
distribution, which resulted to be widely flexible. Fisher information matrices associated
with this new model were obtained, which showed to be non-singular when the param-
eter takes the value zero. This new model inherits the problem of overestimation of the
asymmetry parameter from its source distribution, which was solved by a modified max-
imum likelihood estimator that always exists and is bounded, providing finite estimates.
Simulations were conducted to show the overestimation of this parameter, as well as the
performance of the bias reduction of its estimator. This reduction was not applied to the
estimators of shape and scale parameters because their biases are quite small. In the sim-
ulations, we detected that the bias of the estimator of the asymmetry parameter is quite
reduced. The empirical coverage probability of the corresponding confidence interval is
very close to the nominal value, which is due to the high percentage of estimates of the
asymmetry parameter equal to infinite. We used a profile quasi-likelihood function, so that
the associated confidence intervals can better reflect the asymmetry of the log-likelihood
function. An application with real-world fatigue data was conducted and employed to
motivate this study. The new model and the bias reduction allowed us to show the poten-
tial applications of this research and its benefit, when analyzing fatigue data, by means of
fitting suitable models to this kind of data.

Based on our results, new avenues are open to continue with other studies. For exam-
ple, the analysis of censored data with and without covariates by regression can considered.
Also, note that the Birnbaum-Saunders distribution is generated from a physical law, which
allows us to obtain an approximation based on the central limit theorem generating this
distribution from the standard normal model. Each Birnbaum-Saunders parameter is asso-
ciated with parameters of this physical law; see details in [32]. Adding more parameters, for
example when considering a normal distribution of mean p and variance o2 instead of the
standard normal model, can make the new distribution even more flexible. Observe that
having more parameters (five in this case instead of three in the case of our new model) may
improve the model fitting, because always a model with more parameters fits a curve better
than one with less parameters. However, problems in the estimation might be introduced.
Our conjecture is that biases of & and 6% should be small, as in the case of the MSN(,
o2, ) model. Ideas on Birnbaum-Saunders distributions with more parameters than its
original version were explored by Athayde et al. [5], but no inferential issues were analyzed
there, so that it remains as an open problem to be explored. Furthermore, observe that
the work of Cox and Reid [13] proposes diagonalizing the information matrix to obtain
parameter orthogonality. Then, another work to be explored is applying this method to
obtain orthogonal reparameterizations, which could conduct to improve results for the
studied model in this research.
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Appendix 1. Proofs

Proof of Proposition 3.1: Let T ~ MSNBS(«, 8, A), with fr, Fr being the PDF and CDF of
T, respectively. Then, by applying LHopital rule, we obtain

. I O N
tl—lglo hr(t) = tl—l>nt;lo _fT(t) - 2028
|
Proof of Proposition 3.2: By considering
! d
FT(t; a, IBa )") = / 2¢(av(05’ :lg))q> ()\”(av(aa :3)) a/aV(a) IB) dV
0
ar(a,B)
= / 2¢ (W)@ (Au(w)) dw = Fw (ar(a, B); 1),
0
the proof is completed. |

Proof of Proposition 3.3: Let T ~ MSNBS(«, 8, 1) and W ~ MSN(L). Then, the pth per-
centile of T is obtained by means of the stochastic representation given in (2) as

2
t(P;a,,B,A) = ﬂ (awp/z + ((OlWP/Z)z + 1)1/2) ’

where w, = F;\,l (p; 1) is the pth percentile of the MSN distribution, with F;VI being the
inverse function of the MSN CDF Fyy. |
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Proof of Proposition 3.4: Let T ~ MSNBS(«, 8,A) and W ~ MSN(}). Then, by consid-
ering

20/B
2r
:[ 28" (%VJF (?)ZJA) & (W)® (hu(w)) dw
2r aw\ 20—k — 2r
— 28" / c2120k< 2) + i) | ¢ ) D hu(w)) dw
i=0 i=0

E[T] =/0 t2¢ (ar(at, )P (Mu(ar(e, A3 (t+ B)dt

r i . 2(r—k)
—287y Y Z c (%) E[W2(r=h)]
i=0 k=0

+2p" Zcz, o /_ hi(w)p (W) D (huu(w)) dw

r i r—1
.o 2(r—k)
287y Y c (5) Qr—K - DI +28"> CF Hi,
i=0 k=0 i=0

the proof is completed, where h;(w) = (aw/2)>~Z+D ((aw/2)? + 1)#+D/2_ Note that
H; = ffooo hi(w)p (w)® (Au(w)) dw must be computed numerically, and E[W2(=h] =
(2(r — k) — 1)!! coincides with the corresponding even moments of the standard normal
distribution for r > k. |

Proof of conjectures obtained from Figure 4: Let T ~ MSNBS(«, 8,A) and W ~ MSN
(). Then, by considering 8 = 1 without loss of generality, we have

—3/2
(t+1)dt
o

B[] = /O 20/ (ay (0, 1) D Gute(ar (e, 1))
- / 28 (W) (W) D Guts(a(w))) dw,

where g, (w) = (aw/2 + /(aw/2)% + 1)2. For the CS yi, the following limiting cases
are obtained: (i) for @ — 00, gu(w) ~ a’w?, whereas for A — 0o, ®(—iu(a(w))) ~
0, ®(Au(a(w))) ~ 1, with o' foo w¥¢(w)dw = a® (2r — 1)!!, and then, by applying
L'Hopital rule with respect to o, we have limy_, o lim o0 1 = 24/2; (ii) when o — o0
and A — —o0, y; is obtained by using the trial and error method; and (iii) for « — 0,
ga(w) = 1, whereas for A — o0, ®(—Au(a(w))) = 0, P(Au(a(w))) ~ 1, and then by
using E[T"] and change of variables, as well as by applying UHopital rule with respect to
that change of variables, we have lim,—, o0 lim) . o, 1 = —00. For the CK y», the following
limiting cases are obtained: (i) for A — 400 and a — 00, we have a similar case to (i) of
the CS, withlimy—, oo limy—, o0 2 = 15; (ii) wheno — coand A — —o0, ¥, is obtained by
using the trial and error method; (iii) for « — 0 and A — £00, we have a similar case to
(iii) of the CS, with limy_, oo limj —, o0 Y2 = —00; and (iv) the minimum value of y, = 1.95,
which is obtained using the trial and error method. |
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Appendix 2. Score vector and Fisher information matrix

Considering the notations 0 = (o, ), u=u(a) =a/(1+ a2, ¢ =c(u(a) =
¢ (u(a)/P(Au(a), a = ai(a, B) = w/a, w=/t/B — /B/t, w= /t/B+ +/B/t and

the derivatives

da 1 da w du(a) 1 da

da o« 9 208 00  (1+adi2ae

ad a 1= 2a> da
30 \ (1 +a2)32)  (1+a2)5/236°

o _( Mar M \ba it
90\ (1+a22 Q+a®32) 30 9xr
ra’¢ ag?

T 0+a®) G+

we find that score functions of &, 8 and A of the MSNBS model as

S 1 o rac S ag
=—| - a“———1, = —
“Ta (1+a2)3/2 P A+ ad)

SRS S B LA A TR ) we
P=728 202\ B2 1) Tt+ B 208 (14 a2)32
and the elements of the Fisher information matrix as

at ,a- 2a%)¢
(1+4a?)32 " " (1+a*5?

1
Coa = —E[SeSe] = ——E [1 —3a> + A
(07

e adc . ate?
(14 a2)7/2 (14 a2

1 3 2 1 2
) (=2 + A(p103 + p1r0s — 2p305) — 2> p307 — A°1203) = o2 (2 4+ A*n203) »
lga = —E[SpSa]
1 1 [rQ —2a>)we Ma*we Aawe?
=—E|——ww+ — -
0[3,3 2a2,B (1 +‘12)5/2 (1 +a2)7/2 (1 +a2)3

I 2 [EIT) _ . [1 N , 3 -
= T8 (_a [7—,3 [T:H + A(po15 — 20215) — A7 p217 — n113>,

Cay. = —E[SeS] = E|: 1 a ( 1t rag> )
ok T TERe T T Ty (1 + a2)32 g_(1+a2)_(1+a2)1/2)

1 2 1
=" (_/0103 + A7 p305 + )»17202) = —&Mzoz,
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tpp = —E[SpSp]
1 t 1 AQaw + a?a)¢
o [z_ﬂz R A R Tk
B A (a?a® + 4a) B A(a?a® + 4¢3 B 3a(a?a® + 4a)¢ :|
4062,32(1 + a2)7/2 40!2/32(1 + a2)3 4062,32(1 + a2)5/2

_ L HT T
=T T [(Tﬂ?)z}

+ (—AQapo13 + @?p103) + A2 (@ p307 + 4p107)

42p?

+ A% (@* 1203 + 41003) + 3A(® p305 + 4p105))

1 E[T] 1

T T +E[(T+ﬂ)2
we ra’we rawe?

1+ a?)32 + (1 + a2)5/2 + (1+ az)z]

1 2,2
:| + 10252 (=2rapo13 + A7 (1203 + 41003))>

E)Lﬂ = —E[Sksﬁ] = _ﬁE[
1 2
— _ﬁ(_pon + A7p215 + Aniiz)s
ra3t a*¢?
1+ 14a

L = —E[SiS] = —E|: } = Ap303 + 1201 = NM201-
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