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1 Introduction

In recent years, a family of supersymmetric theories in which spin-1/2 fermions are combined
with the bosonic non-Abelian gauge fields as part of a connection for a graded Lie algebra, has
been explored [1–3]. In other words, bosons and fermions belong to the adjoint representation
of a superalgebra rather than to the fundamental representation, as in the conventional form of
supersymmetry. In this way, the resulting unconventional supersymmetric (U-SUSY) theories
do not exhibit matching of fermionic and bosonic degrees of freedom (no superpartners),
the quantum numbers and couplings of all fields are those of standard QFT, and gravity is
naturally built in the theory. Such models have a potential for a fermionic sector representing
quarks and leptons and, in spite of being based on a local supersymmetric algebra, they
contain no spin-3/2 gravitini.

In four dimensions, the resulting U-SUSY models can be seen as generalizations of
Yang-Mills theory, where the dual operation (denoted by ⊛) allows writing a Lagrangian that
is invariant under local Lorentz and internal gauge transformations, which are the expected
unbroken symmetries of standard physics. The ⊛ operator can be found naturally in the
superconformal algebra (see for instance [3]). These algebras have been used to construct
related theories of matter [4], extended MacDowell-Mansouri supergravities [5] and a grand
unified model [6]. In these theories, the notion of duality for the bosonic fields is essentially
the same as in eq. (1.1) for internal symmetry gauge fields and (1.2) for the gravitational
sector. In the case of fermions, what plays the role of the Levi-Civita symbol is the Clifford
chirality operator γ5 defined below.
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In Euclidean Yang-Mills (YM) theory, field configurations satisfying an (anti-)self duality
condition, i.e. F = ± ∗ F , correspond to absolute minima of the action.1 These instanton
configurations solve the field equations automatically by virtue of Bianchi identities, saturate
a Bogomol’nyi-Prasad-Sommerfield (BPS) bound, and they describe the tunneling between
topologically distinct vacua of the theory [7, 8]. Instantons also play an important role in un-
derstanding non-perturbative aspects of QCD, such as the breaking of chiral symmetry [9, 10].

Similarly, gravitational instantons are solutions to Einstein’s equations of Euclidean gen-
eral relativity satisfying (anti-)self-duality conditions, i.e. Rab = ±1

2ϵabcdR
cd ≡ ±R̃ab, where

Rab = 1
2R

ab
µνdxµ∧dxν is the Riemann curvature 2-form and ϵabcd is the Levi-Civita symbol [11].

Examples of gravitational instantons include the Euclidean Schwarzschild solution which
describes a four-dimensional black hole, the Taub-NUT configuration [12, 13] and the Eguchi-
Hanson instanton [14, 15] that describes an asymptotically locally Euclidean four-dimensional
space whose radial slices are topologically S3/Z2 = RP3. The interest in gravitational instan-
tons was consolidated in the late 70s with the discovery of multi-center solutions [16] and the
observation that those configurations are (hyper) Kähler geometries [17, 18].

The above examples highlight the importance of duality in the non-perturbative analysis
of the topological sectors of the vacuum for the Euclidean continuation of a gauge theory.
In each case, the notion of duality depends on the presence of a Hodge-like operator in
the theory. For the Maxwell or Yang-Mills action, the relevant dual operation defines the
kinetic term, that is,

1
2 Tr[F ∧ ∗F ] = −1

4 Tr[FµνF
µν ]

√
|g| d4x . (1.1)

In the gravitational case, on the other hand, the corresponding kinetic term reads

1
2ϵabcd F ab ∧F cd = F ab ∧ F̃ab , (1.2)

where the Yang-Mills field strength has been replaced by the (anti-)de Sitter curvature
two-form, i.e. F ab = Rab ± λ ea ∧ eb, with λ being a constant related to the (anti-)de Sitter
radius and the Levi-Civita symbol in curved spacetime ϵµνλρ has been replaced by that
in the tangent space, ϵabcd [19, 20]. Additionally, ea = ea

µdxµ denotes the vierbein field
representing the metric structure of spacetime through the relation gµν = ηabe

a
µe

b
ν where

ηab = diag(−,+,+,+) is the Minkowski metric.2

Then, a question that comes to mind is whether the notion of duality represented by ⊛
can also give rise to instanton-like configurations. In this paper, we explore the possibility
afforded by this generalized duality operator to construct geometric instanton solutions in
the matter-free sector.

The paper is organized as follows. In section 2, we present the model we are interested in
alongside their field equations and the consistent truncation to the bosonic sector. Section 3
is devoted to the (anti-)self duality condition in an unconventional conformal supersymmetric

1Here, F = 1
2 Fµνdxµ ∧ dxν is the YM field strength 2-form, ∗F = 1

2 εµνλρF λρdxµ ∧ dxν its dual with and
εµνλρ the alternating Levi-Civita tensor in four-dimensions, and ∧ denotes the wedge product of differential
forms.

2Here, we will work mostly in the Euclidean signature. Therefore, the relation between the metric and the
vierbein reads gµν = δabea

µeb
ν , where δab = diag(+, +, +, +) is the Euclidean metric.
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Townsend-MacDowell-Mansouri (TMM) theory for the SU(2, 2|N) group and to the analysis of
its consequences for the action. In section 4, we obtain (anti-)self-dual gravitational instantons
that represent the torsional generalization of the Taub-NUT/Bolt-AdS and Eguchi-Hanson
solutions in general relativity. Then, their global properties are analyzed in section 5 and
our findings are summarized in section 6. Finally, appendix A provides further details about
the fundamental representation of SU(2, 2|N).

2 Unconventional conformal supersymmetry

Let us illustrate the construction of a supersymmetric model in four dimensions with fermionic
matter fields in the adjoint representation. Following refs. [2–5], we start with a gauge
connection for SU(2, 2|N). This algebra contains so(3, 2)⊕ su(N), representing local anti-de
Sitter and internal symmetries in the bosonic sector, and supercharges in the fermionic
sector. Then, as noticed by Townsend and by MacDowell and Mansouri, one is immediately
faced with the fact that no dynamical gauge-invariant action for the entire SU(2, 2|N)
group exists in four dimensions [19, 20]. This is due to the nonexistence of an SU(2, 2|N)-
invariant tensor in 4D. Not even a local SO(3, 2)-invariant Lagrangian four-form can be
found because there is no AdS-invariant fourth-rank tensor to contract the indices of the
curvature forms. In fact, starting with the curvature two-form for the AdS connection, say
FAB, where uppercase Latin characters are AdS indices, the unique invariant four-form
candidate Lagrangian in 4D would be of the form L = QABCDFAB ∧ FCD, with QABCD

being a fourth-rank tensor, antisymmetric in AB and CD. The tensor in question is of the
form QABCD = ηACηBD − ηADηBC , where ηAB represents the inverse Cartan-Killing metric
of SO(3, 2). In that case, however, the four-form Lagrangian L turns out to be a topological
density: the Pontryagin form. So, the only way to obtain a meaningful action is by breaking
the AdS symmetry down to the Lorentz group, the largest semisimple subgroup of SO(3, 2).

The largest gauge symmetry of the action is a bosonic subgroup of SU(2, 2|N) which
contains the Lorentz transformations and the internal SU(N) gauge group. Therefore, due
to the nonexistence of an SU(2, 2|N)-invariant tensor, the introduction of the generalized
dual operator ⊛ is crucial for constructing an action that is gauge-invariant for the subgroup.
Indeed, an inspection of the gravity sector shows that an appropriate choice of the latter is such
that ⟨Jab ⊛ Jcd⟩ ∝ ϵabcd so that local Lorentz symmetry is preserved [20]—see eq. (2.9) below
for its definition. The su(2, 2|N) graded Lie algebra3 includes the generators of the conformal
group, Ja,Ka,Jab and D, together with internal generators TI of SU(N) and Z for U(1), plus
N complex spinorial supercharges, Qα

i and Q
i
α. The SU(2, 2|N) connection can be written as

A = Ω + Q
i
α(/eψi)α + (ψi

/e)αQ
α
i , (2.1)

where we have denoted (/eψi)α ≡ (γa)α
βe

aψβ
i , and the bosonic part of the connection is

Ω = 1
2ω

abJab + faJa + gaKa + hD +AITI +AZ . (2.2)

As usual, the field strength curvatures associated to this gauge connection are given by

F =dA + A ∧A = 1
2F

abJab + FaJa + GaKa +HD + FITI + FZ + QX + XQ , (2.3)

3For more details about the fundamental representation and algebra see appendix A.
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whose components along the SU(2, 2|N) generators are4

Fab = Rab − ψi
/e ∧ Σab/eψi, Fa = Dfa + ga ∧ h+ 1

2ψ
i
/e ∧ γa/eψi ,

(2.4)

Ga = Dga + fa ∧ h− 1
2ψ

i
/e ∧ γ̃a/eψi , H = dh+ fa ∧ ga + 1

2ψ
i
/e ∧ γ5/eψi ,

(2.5)

FI = dAI + 1
2f

I
JKA

J ∧AK − iψi
/e ∧ (λI) j

i /eψj , F = dA− i

4ψ
i
/e ∧ /eψi , (2.6)

and the spinorial components of the field strength are

Xα
i = D(/eψi)α + 1

2f
a ∧ (γa/eψi)α + 1

2g
a ∧ (γ̃a/eψi)α + 1

2h ∧ (γ5/eψi)α , (2.7a)

X i
α = −(ψi

/e)α
←−D + 1

2(ψi
/eγa)α ∧ fa + 1

2(ψi
/eγ̃a)α ∧ ga + 1

2(ψi
/eγ5)α ∧ h . (2.7b)

Here, D is the exterior covariant derivative with respect to the Lorentz connection ωa
b and

d is the exterior derivative. Moreover, γa denotes the Dirac matrices satisfying the Clifford
algebra {γa, γb} = 2ηabI, the chiral γ-matrix is defined as γ5 = iγ0γ1γ2γ3, and γ̃a = −γ5γ

a.
The generators of the Lorentz group in the spinorial representation are Σab = 1

4 [γa, γb] while
the internal generators of the SU(N) algebra, TI , are anti-hermitian, i.e. T†

I = −TI (also
Z† = −Z) and they satisfy the Lie algebra [TI ,TJ ] = fIJ

KTK . The λ-matrices satisfy
the commutation relation [λI , λJ ] = fIJKλ

K , where indexes are raised/lowered with an
Euclidean metric δIJ . Additionally, we have defined Rab = Rab + fa ∧ f b − ga ∧ gb with
Rab = dωab + ωa

c ∧ ωcb being the Lorentz curvature 2-form.
The generalized TMM action [19, 20] for the SU(2, 2|N) group is,5

I = −
∫
M
⟨F ∧⊛F⟩ , (2.8)

where ⟨ · ⟩ stands for an invariant supertrace and the dual operator ⊛ is defined through

⊛F = S

(1
2R

abJab + F aJa +GaKa

)
+ (ε1∗)HD + (ε2∗)F ITI + (ε3∗)FZ . (2.9)

Here, εi = ±1, ∀i, ∗ denotes the Hodge dual, and S = iγ5 where γ5 is the chiral gamma
matrix defined such that S2 = −I. More details of the generalized duality operator ⊛ can be
found in ref. [3]. The value of εi can be fixed by demanding the absence of ghosts. The latter
implies that ε1 = ε2 = 1, while ε3 = ±1 for N < 4 and N > 4, respectively. It is sufficient for
the dual operator ⊛ to act linearly in the complexified algebra, that is parity odd and to
satisfy ⊛2 = +1(−1) in Euclidean (Lorentzian) signature, respectively. In fact, the conformal
algebra contains a grading operator among the bosonic spacetime generators that allows for
a natural definition of the dual operator (for more details see [3]). A grading among the
bosonic generators of su(2, 2|N) can be defined by an operator S such that

S G− εG S = 0 , where

ε = +1 , if G ∈ {Jab,D,Z,TI} ,
ε = −1 , if G ∈ {Ja,Ka} .

, (2.10)

4Contracted spinor indexes will be omitted whenever unambiguous.
5For a similar construction see refs. [21, 22].
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define the S-even (ε = 1) and S-odd (ε = −1) subspaces of the bosonic sector. The grading
S is independent of the grading that distinguishes fermionic and bosonic operators. A dual
operator with properties mentioned above can be implemented in the spin 1/2 representation
of conformal superalgebra su(2, 2|N) (see appendix A). The spinor representation and the
S-odd generators are essential to include matter fields in a geometric way [3]. This structure
can be used to define actions with a gauge symmetry G+ ⊂ SU(2, 2)× SU(N)× U(1), where
G+ is the group generated by the S-even generators. With the appropriate definition of
the dual operator ⊛, the following properties of super-traces involving products of S-even
and S-odd operators are found

⟨E⊛O⟩ = 0 = ⟨O⊛ E⟩ , ⟨E1 ⊛ E2⟩ = ⟨E2 ⊛ E1⟩ , ⟨O1 ⊛O2⟩ = −⟨O2 ⊛O1⟩ , (2.11)

which can be understood as a ⊛-grading of the invariant super-traces of the superalgebra,
where Ei and Oi represent two-form generators that are even and odd in this grading. The
set of ⊛-even generators contains the S-even bosonic generators and the supercharges. In
particular, eq. (2.11) implies that

⟨F− ∧⊛F−⟩ = 0 , (2.12)

where F− are components of the curvature along the S-odd generators, namely,

F− = FaJa + GaKa . (2.13)

In this way, the compensating fields fa and ga do not acquire independent kinetic terms in the
action principle (2.8). Thus, variations with respect to fa and ga yield algebraic equations
for them, which means that they are actually auxiliary fields.

The field equations of the theory are obtained by demanding arbitrary variations of the
action (2.8) with respect to the gauge connection, giving

DA ⊛ (F− F−) = 0 , (2.14)

where DA stands for the covariant derivative with respect to the gauge connection A, provided
the supertrace is nondegenerate [cf. eqs. (A.23)–(A.26)]. In a purely bosonic background,
the field equations take the simpler form DΩ ⊛ F+ = 0, and in the sector without internal
gauge fields, AI = 0 = A, the field equations, expanded along the SU(2, 2|N) generators,
take the form

DRcd = 0 , (2.15a)
d ∗ (H + f b ∧ gb) = 0 , (2.15b)

ga ∧ ∗(H + f b ∧ gb)−
1
2ϵabcdf

b ∧Rcd = 0 , (2.15c)

fa ∧ ∗(H + f b ∧ gb)−
1
2ϵabcdg

b ∧Rcd = 0 , (2.15d)

where H := dh. Now, the same field equations can be obtained varying with respect to
ωab, h, fa, and ga the truncated action

Lbos = 1
4ϵabcdRab ∧Rcd − (H + fa ∧ ga) ∧ ∗(H + f b ∧ gb) . (2.16)

– 5 –
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The fields fa and ga, associated with translations and special conformal transformations,
are auxiliary (they satisfy algebraic equations). Since the gauge invariance corresponding
to their associated transformations is broken, their equations can be algebraically solved
in a satisfactory manner, provided they do not break the remaining gauge symmetries.
There is a particular choice for these fields that respects local Lorentz invariance, that is,
fa = ρ(x)ea, ga = σ(x)ea, where ρ(x) and σ(x) are arbitrary scalar functions. Consistent
with this assumption H must vanish, and therefore one can take h = 0. Then, we get
Rab = Rab − Λ(x)ea ∧ eb, where Λ(x) := σ2(x) − ρ2(x). With these definitions, the field
equations of the system are

DRcd = 0 , (2.17a)
ϵabcdRbc ∧ ed = 0 . (2.17b)

Equation (2.17a) resembles the Bianchi identity but its meaning is different because R is not
the curvature for the Lorentz connection.6 Indeed, this equation reduces to

d ln Λ(x)ea ∧ eb = −T[a ∧ eb] , (2.18)

which is an algebraic equation for the torsion that can be solved in terms of derivatives of Λ(x).
Equation (2.17b), on the other hand, is basically Einstein’s equations with variable Λ. In what
follows we will consider solutions of these equations that satisfy (anti-)self duality conditions.

3 (anti-)Self-dual configurations

Since we are interested in (anti-)self-dual configurations, we focus on the Euclidean section of
the theory by performing the analytic continuation of the Lorentzian time into the Euclidean
one. This leads to an Euclidean superconformal group, whose properties have been discussed
in refs. [23–25]. The existence of the generalized dual operator ⊛ provides us with a concrete
notion of (anti-)self-duality, that is,

⊛(F− F−) = ±(F− F−) . (3.1)

This condition is motivated by the definition of the operator ⊛ and the form of the field
equations (2.14). As with the standard notion of duality mentioned above, the ⊛-graded
traces (2.11) imply that a (anti-)self-dual configurations (3.1) solve the field equations (2.14).
These configurations saturate the BPS bound as well, that is,∫

M
⟨F ∧⊛F⟩ = ±

∫
M
⟨F ∧ F⟩ = ∓8π2C , (3.2)

where C denotes the Chern-Pontryagin index for Euclidean SU(2, 2|N). Indeed, one can
supplement the action (2.8) with a topological invariant of the Pontryagin class without
modifying the field equations, in order to set all the (anti-)self-dual configurations as ground
states of the theory (see for instance refs. [26, 27]), namely,

I ∓
∫
M
⟨F ∧ F⟩ = ∓1

2

∫
M
⟨(F±⊛F) ∧⊛ (F±⊛F)⟩ . (3.3)

6Although the (anti-)self-duality condition requires Euclidean signature, we continue to refer to the
spacetime rotations as Lorentz transformations or SO(4) rotations indistinctly.
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One can check directly that this action vanishes for configurations satisfying (3.1) by virtue
of (2.12), extending the moduli space of vacuum configurations to all (anti-)self-dual states.

We consider the matter-free (anti-)self-dual configurations, that is, with no fermions
and vanishing internal gauge fields: ψ = 0, ψ = 0, AI = 0, A = 0. We take the fields
fa = ρ(x)ea, ga = σ(x)ea, and h = 0, then condition (3.1) alongside the relevant components
of the curvature gives

Rab = ±1
2ϵabcdRcd ≡ ±R̃ab . (3.4)

Combining this condition with (2.17b) gives Ra
be

b = 0, which implies covariantly constant
Torsion, DT a = 0. This, in turn, forces R̃ab = ∗Rab, which relates two different notions
of (anti-)self duality on-shell.

Therefore, if eqs. (3.4) and (2.18) are satisfied, the field equations are solved automatically
due to (anti-)self duality. Moreover, one can show that the Euclidean on-shell action is
proportional to the topological Chern-Pontryagin index when evaluated on (anti-)self-dual
configurations satisfying eq. (3.4), since the Lagrangian (2.16) becomes

Lbos = 1
4ϵabcdRab ∧Rcd = ±1

2Rab ∧Rab = ±1
2Rab ∧Rab , (3.5)

where the last equality is a consequence of the Bianchi identity DT a = Ra
b ∧ eb and the

condition DT a = 0. Hence, the Euclidean on-shell action is

I =
∫
M

Lbos = ±1
2

∫
M
Rab ∧Rab = ±4π2P1[M] (3.6)

where P1[M] is the SO(4) Chern-Pontryagin index that measures the differences between
the number of harmonic self-dual and anti-self-dual forms on M.

In what follows, we present a family of gravitational instantons with nontrivial torsion in
unconventional conformal supersymmetric TMM theory; some of them being (anti-)self-dual
in the sense of eq. (3.4). They represent concrete solutions that exhibit the conditions
discussed here.

4 Gravitational instantons

In order to find (anti-)self-dual solutions to the field equations (2.17a) and (2.17b), we
construct an ansatz for the vierbein, the “Lorentz” SO(4) connection and Λ(x), based
on the U(1)-fibration over Kähler manifolds. To this end, we consider the left-invariant
Maurer-Cartan forms of SU(2), σi with i = 1, 2, 3; they are

σ1 = cos τ dϑ+ sin τ sinϑ dφ , (4.1a)
σ2 = − sin τ dϑ+ cos τ sinϑ dφ , (4.1b)
σ3 = dτ + cosϑ dφ . (4.1c)

These su(2)-valued 1-forms satisfy the condition dσi = −1
2ϵijkσ

j ∧σk. Using them as building
blocks, we consider a metric ansatz whose radial slices are conformally related to Berger’s
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sphere, that is,

ds2 = dr2

f(r) + f(r)J2(r)σ2
3 + h(r)

(
σ2

1 + σ2
2

)
, (4.2)

where σ2
1 + σ2

2 = dϑ2 + sin2 ϑdφ2 is the line element of the unit 2-sphere. The metric (4.2)
is locally invariant under the action of the isometry group SU(2)×U(1) and possesses the
relevant properties for analyzing different (anti-)self-dual configurations. Additionally, using
the relation gµν = δabe

a
µe

b
ν in Euclidean signature, we choose a vierbein basis as

e1 =
√
h(r)σ1 , e2 =

√
h(r)σ2 , e3 =

√
f(r) J(r)σ3 , e4 = dr√

f(r)
. (4.3)

Analogously, demanding the Lorentz connection to remain invariant under the action of the
isometry group of the metric, the connection satisfies

ω12 = ω1(r)σ3 + ω2(r) e4 + ω̊12 , ω13 = ω3(r)σ1 − ω4(r)σ2 , (4.4a)
ω14 = ω5(r)σ1 − ω6(r)σ2 , ω23 = ω4(r)σ1 + ω3(r)σ2 , (4.4b)
ω24 = ω6(r)σ1 + ω5(r)σ2 , ω34 = ω7(r)σ3 + ω8(r) e4 , (4.4c)

where ωi(r), with i = 1, . . . , 8, are arbitrary functions of the radial coordinate only, to be
determined from the field equations, and ω̊ab is the torsion-free Levi-Civita connection defined
by dea + ω̊a

b ∧ eb = 0. Equivalently, the most general field Λ(x) compatible with the action
of SU(2) × U(1) isometry group implies that Λ = Λ(r). Then, the field equations for the
connection (2.17a) are solved by

ω1 = ω2 = ω3 = ω6 = ω8 = 0 , ω4 = −J2

√
f

h
, (4.5a)

ω5 = (hΛ)′

2Λ

√
f

h
, ω7 =

(
fΛJ2)′
2ΛJ , (4.5b)

where f = f(r), h = h(r), J = J(r), Λ = Λ(r), and prime denotes differentiation with
respect to the radial coordinate r.

The form of these ansätze, together with the solution of the equation for the connection,
allow the construction of two interesting families of gravitational instantons of the Taub-NUT
and Eguchi-Hanson types possessing nontrivial torsion.

4.1 Taub-NUT/Bolt-AdS-like solutions

The Taub-NUT metric, first found as a one-parameter extension of the Schwarzschild solution
in vacuum general relativity [12, 13], is usually interpreted as a gravitational dyon in the sense
that the new parameter –the NUT charge– introduces a gravitomagnetic interaction between
the background geometry and test particles following geodesics [28]. The solution presents
a topological defect –the Misner string [29]–, which is the gravitational analog of the Dirac
string in the magnetic monopole. The string can be rendered unobservable by performing an
improper coordinate transformation that, in the Lorentzian signature, introduces closed time-
like curves [29]. Thus, the Taub-NUT metric is usually studied in the Euclidean continuation,
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which bears a close resemblance to instantons in Yang-Mills theory [11, 30–32]. However,
recent developments have led to consider the Lorentzian Taub-NUT metric again since it
was shown that the Misner string is transparent to geodesic observers [33], allowing an
interpretation of the NUT charge as a genuine thermodynamic variable [34–41].

The Taub-NUT solution with nontrivial torsion in the unconventional conformal su-
persymmetric model studied here is obtained by replacing the solutions (4.5) into (2.17b)
alongside the radial-coordinate choice h(r) = r2 − n2, with n being the NUT charge. Thus,
h(r) represents the area coordinate with the origin at r = n. The hypersurfaces of constant
r are conformally the Berger’s sphere. In general, n ∈ R. However, in this work, we shall
focus on the case n ∈ R+.

The remaining functions that solve the field equations are found to be J(r) = 2n and

f(r) = a
[
r b2 + 3r2(r + b) + bn2]

b (r2 − n2) − r(r + b)2

b (r2 − n2) + (r + b)3 (r b+ n2)
bℓ2 (r2 − n2) , (4.6a)

Λ(r) = a

(r + b)2 , (4.6b)

where a, b and ℓ are integration constants. This is a four-parameter family of solutions with
nontrivial torsion sourced by Λ(x) [see eq. (2.18)]. Explicitly, the components of torsion
associated to the solution in eq. (4.6) can be expressed as

T a = −
√
f(r)
r + b

ea ∧ e4 , (4.7)

which vanishes at the zeroes of the metric function f(r); the nuts and bolts cases are discussed
below. On the other hand, the components of the Lorentz curvature 2-form for this solution are

R12 = A (r) e1 ∧ e2 − 2B(r) e3 ∧ e4 , R13 = C (r) e1 ∧ e3 −B(r) e2 ∧ e4 , (4.8a)
R14 = C (r) e1 ∧ e4 + B(r)e2 ∧ e3 , R23 = C (r) e2 ∧ e3 + B(r) e1 ∧ e4 , (4.8b)
R24 = C (r) e2 ∧ e4 −B(r) e1 ∧ e3 , R34 = D(r) e3 ∧ e4 − 2B(r) e1 ∧ e2 , (4.8c)

where

A (r) = 1
r2 − n2

[
1− f

(
b2r2 + 3n2r2 + 8bn2r + 3b2n2 + n4)

(r2 − n2) (r + b)2

]
, (4.9a)

B(r) =
[

fn

2 (r2 − n2)

]′
, (4.9b)

C (r) = −
[

f
(
br + n2)

2 (r2 − n2) (r + b)

]′
− f

(
b2 − n2)

2 (r2 − n2) (r + b)2 , (4.9c)

D(r) = −f
′′

2 + f ′

r + b
− f

(r + b)2 . (4.9d)

Additionally, the asymptotic behavior of the solution as r → ∞ is given by

f(r) ≃ r2

ℓ2
+ r

bℓ2

(
3aℓ2 − ℓ2 + n2 + 3b2

)
+ 1
ℓ2

(
3aℓ2 − 2ℓ2 + 4n2 + 3b2

)
+ 1
r bℓ2

[
ℓ2

(
3an2 + (a− 1)b2 − n2

)
+ b4 + n4 + 6b2n2

]
+O(r−2) , (4.10a)

Λ(r) ≃ a

r2 −
2ab
r3 + 3ab2

r4 +O(r−5) . (4.10b)
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The metric function exhibits the typical linear behavior in the radial coordinate as r →∞
that appears in solutions to conformal gravity [42–45], producing a space with weakened local
AdS asymptotics. However, as shown by Maldacena in ref. [46], one can impose Newmann
boundary conditions on the Fefferman-Graham expansion to select only the Einstein modes
of the theory, reducing four-dimensional conformal gravity to Einstein-AdS gravity (see
also refs. [47, 48]). In the case of the torsional Taub-NUT instanton presented here, the
Riemannian curvature, i.e. the one constructed from the Levi-Civita connection ω̊a

b, possesses
an asymptotically locally AdS behavior with curvature radius ℓ−2. The Lorentz curvature
2-form is asymptotically locally flat rather than asymptotically locally AdS. This is due to
the fact that the leading order in the asymptotic expansion of the torsion, i.e.,

T a = −
[

1
ℓ

+ 3aℓ2 + b2 − ℓ2 + n2

2bℓ r +O(r−2)
]
ea ∧ e4 , (4.11)

is asymptotically constant. This constant in the contorsion contribution to the Lorentz
curvature cancels the constant term from the Riemann curvature. Then, the fall-off of
the Lorentz curvature 2-form in eq. (4.8) is encoded in the asymptotic expansion of its
components as r → ∞, that is,

A (r) = ℓ2 − b2 − 3n2

ℓ2 r2 +O(r−3) , (4.12a)

B(r) = n
(
ℓ2 − n2 − 3aℓ2 − 3b2)

2bℓ2r2 +O(r−3) , (4.12b)

C (r) = 3aℓ2 + b2 − ℓ2 + 3n2

2ℓr2 +O(r−3) , (4.12c)

D(r) = ℓ2 − b2 − 3n2

ℓ2r2 +O(r−3) . (4.12d)

These configurations are therefore asymptotically locally Lorentz-flat solutions. Similar locally
Lorentz-flat configurations are solutions of three-dimensional Einstein-AdS gravity [49], which
can also be formulated as a Chern-Simons theory for the AdS group (for a review see [50, 51]).
On the other hand, asymptotically locally Lorentz-flat black holes have been reported in
ref. [52] in four-dimensional unconventional conformal supersymmetric TMM theory.

There are two distinct topologies that can be obtained from the solution (4.6). They are
characterized by the dimensionality of the set of fixed points of the Killing vector ξ = ∂τ . In
particular, they correspond to nuts or bolts if either of the following conditions are met

Nut: f(n) = 0 and βτ = 4π
f ′(r)

∣∣∣∣
r=n

, (4.13)

Bolt: f(rh) = 0 and βτ = 4π
f ′(r)

∣∣∣∣
r=rh

, (4.14)

where βτ is the period of the Euclidean time, i.e. τ ∼ τ + βτ and rh > n is the bolt radius.
The NUT condition (4.13) fixes one integration constant as

a = (b+ n)[ℓ2 − (b+ n)2]
ℓ2(b+ 3n) ≡ anut . (4.15)
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Figure 1. Parameter space in the case of NUT. In the leftmost plot, the gray region corresponds
to solutions with two roots to the equation f(ρ) = 0, with ρ ≡ r/n. The black line corresponds to
solutions with only one root and the white region corresponds to solutions with f(r) > 0 for r > n.
The orange curve is a generic representative of the gray region (ℓ2 = n2, b = −(5/2)n), and the blue
curve is a generic representative of the white region (ℓ2 = 9n, b = −2n). These two cases are shown in
the second plot. The third plot is a zoom-in of the region around f(ρ) = 0.

Then, the metric function f(r) and the scalar Λ(r) become

fn(r) = (r − n)(2r + b+ n)
(b+ 3n)(r + n) + (r − n)2 [r b+ 3n(r + b) + n2]

ℓ2(b+ 3n)(r + n) , (4.16a)

Λn(r) = (b+ n)
[
ℓ2 − (b+ n)2]

ℓ2(b+ 3n)(r + b)2 . (4.16b)

Remarkably, this solution is locally self-dual in the sense of (3.4) and possesses nontrivial
torsion sourced by Λ(x). The absence of conical singularities at r = n implies that the
Euclidean-time coordinate has to be identified as 0 ≤ τ ≤ 8πn, rendering the topology
near the origin that of R4.

Depending on the region in the parameter space, the metric function fn(r) could have
a single root at r = n and, in other cases, a second one at r = r+ > n. This produces a
compact self-dual Taub-NUT metric. The different behavior of the solution depending on
the region in the parameter space are given in figure 1.

The Taub-bolt case, on the other hand, leads to an instanton with a horizon located
at the largest root of the polynomial f(rh) = 0. Indeed, the condition (4.14) implies that
the following relation between the parameters must hold

a =
[
rh(ℓ2 − n2 − b2)− b

(
r2

h + n2)] (rh + b)2

ℓ2
[
n2b+ b2rh + 3r2

h(b+ rh)
] ≡ abolt . (4.17)

This condition, in turn, implies that metric function f(r) and the scalar Λ(r) are

fb(r) = − r(r + b)2

b (r2 − n2) + (r + b)3 (r b+ n2)
bℓ2 (r2 − n2)

− (rh + b)2 [r b2 + b
(
3r2 + n2) + 3r3] [rhb

2 + b
(
r2

h + n2) + rh

(
n2 − l2

)]
bℓ2 (r2 − n2)

[
n2b+ b2rh + 3r2

h(b+ rh)
] , (4.18a)

Λb(r) =
[
rh(ℓ2 − n2 − b2)− b

(
r2

h + n2)] (rh + b)2

ℓ2(r + b)2 [n2b+ b2rh + 3r2
h(b+ rh)

] , (4.18b)
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respectively. One can check that the condition fb(rh) = 0 is satisfied. The absence of conical
singularities at the bolt implies that 0 ≤ τ ≤ βτ , where the period in Euclidean time is

βτ = 4πℓ2
[
n2b+ b2rh + 3r2

h(rh + b)
]

(rh + b)
[
3r2

h(rh + b) + 3rh (ℓ2 − n2) + b (ℓ2 − 3n2)
] . (4.19)

The topology of the Taub-bolt instanton is different from that of Taub-NUT. The former
connects a two-dimensional set of fixed points of the Killing vector ∂τ with a locally Lorentz-
flat asymptotic region r →∞ rather than a zero-dimensional set as in the case of NUT. The
whole space has the topology of CP2 with a point removed and sent to infinity [53]. Even
though this space is not locally self-dual as in the Taub-NUT case, one can check that it
is asymptotically locally self-dual in the sense of eq. (3.4).

4.2 Eguchi-Hanson-like solutions

There is another anti-self-dual gravitational instanton in the space of solutions of this theory.
In the context of Einstein gravity, this solution was first found by Eguchi and Hanson
in [14, 15]. For vanishing cosmological constant, it represents a Ricci-flat asymptotically
locally Euclidean space with R4/Z2 topology; the solution with nonvanishing cosmological
term was studied in ref. [54]. The hypersurfaces of constant radial coordinate have the topology
of S3/Z2 = RP3 and its isometry group is U(1) × SU(2)/Z2 ≃ U(2). The Eguchi-Hanson
(EH) metric was shown to be relevant in the resolution of orbifold singularities [16, 32, 55]
and it has been used to construct higher-dimensional solutions with nontrivial topology in
Einstein gravity and beyond [56–63].

The generalized EH solution in the unconventional conformal supersymmetric theory
studied here is found by choosing h(r) = r2/4 in eq. (4.2). Then, we find that the field
equations are solved by J2(r) = h(r) and

f(r) = 1− a4

r4 −
q2

r2 + 4pa4 r2

q2 + pr4 , (4.20a)

Λ(r) = −2
(
16pa12 − 4a4q4 − q8)
q2 (2a4 + q2 r2)2 . (4.20b)

where a, q, and p are integration constants. This is a three-parameter family of solutions
that can be regarded as a torsional extension of the metric found in ref. [45], in which the
nontrivial components of the torsion for this solution are

T a = − 2q2r
√
f

2a4 + q2r2 e
a ∧ e4 . (4.21)

Note that the torsion vanishes as q → 0 with a ̸= 0. In this sense, q can be regarded as
a torsional hair whose backreaction resembles that of the Maxwell field, as it happens in
Poincaré gauge theories [64–66]. Now the components of the Lorentz curvature 2-form are

R12 = W (r) e1 ∧ e2 − 2X (r) e3 ∧ e4 , R13 = Y (r) e1 ∧ e3 −X (r) e2 ∧ e4 , (4.22a)
R14 = Y (r) e1 ∧ e4 + X (r) e2 ∧ e3 , R23 = Y (r) e2 ∧ e3 + X (r) e1 ∧ e4 , (4.22b)
R24 = Y (r) e2 ∧ e4 −X (r) e1 ∧ e3 , R34 = Z (r) e3 ∧ e4 − 2X (r) e1 ∧ e2 , (4.22c)
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where

W (r) = 8fa4q2

(2a4 + q2r2)2 −
4 (f − 1)

r2 , (4.23a)

X (r) = f ′

2r , (4.23b)

Y (r) = 16fa4q2r − f ′
(
4a8 − q4r4)

2r (2a4 + q2r2)2 , (4.23c)

Z (r) = −

[
f ′r

(
2a4 + q2r2)2]′ + 2f ′

(
2a4 − q2r2)2 − 8f ′q4r4 − 16fa4q2r

2r (2a4 + q2r2)2 . (4.23d)

If p ̸= 0, this solution has a curvature singularity for r →∞, while its action and topological
invariants diverge. This can be seen from the asymptotic expansion of the torsion 2-form
for large r,

T a = −
[
2√p r + q4 − 4a8p

q4√p r3 +O(r−5)
]
ea ∧ e4 . (4.24)

On the other hand, the fall-off of the Lorentz curvature 2-form in this non-coordinate basis
as r → ∞ is characterized by

W (r) = −4pr2 − 8pa4

q2 + 4
(
2a4q4 + q8 − 8a12p

)
q6r4 +O(r−6) , (4.25a)

X (r) = 2pr2 + 4pa4

q2 + q2

r4 +O(r−6) , (4.25b)

Y (r) = 2pr2 + 4pa4

q2 + 8a4q4 + q8 − 32a12p

q6r4 +O(r−6) , (4.25c)

Z (r) = −4pr2 − 8pa4

q2 + 4
(
2a4q4 + q8 − 8a12p

)
q6r4 +O(r−6) . (4.25d)

Thus, if p ̸= 0, this solution cannot be regarded as a gravitational instanton, whereas if
p = 0 the solution becomes

f(r) = 1− a4

r4 −
q2

r2 , (4.26a)

Λ(r) = 2q2 (4a4 + q4)
(2a4 + q2 r2)2 , (4.26b)

and it is anti-self dual in the sense of eq. (3.4). This solution has been studied in the
context of Einstein gravity in refs. [67–69]. Indeed, the asymptotic behavior of the torsion
in this case is given by

T a = −
[

2
r
− q4 + 4a4

q2r3 −
(
q4 + 4a4) (q4 − 8a4)

4q4r5 +O(r−7)
]
ea ∧ e4 , (4.27)

while the asymptotic expansion for the Lorentz curvature 2-form can be read explicitly from
eq. (4.25) by taking p = 0. The solution of eq. (4.26) has a bolt at r = rh defined by the
largest real positive root of the polynomial f(rh) = 0, that is,

r2
h = 1

2

(
q2 +

√
q4 + 4a2

)
. (4.28)
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This bolt exists for all a, q ∈ R as the discriminant is always positive definite. The absence of
conical singularities at the bolt, in turn, demands that the Euclidean-time coordinate has
to be identified according to 0 ≤ τ ≤ βτ , where

βτ = 8π
rh f ′|r=rh

= 4πr4
h

2a4 + q2r2
h

. (4.29)

In the vanishing torsion limit, i.e. q → 0, the bolt is located at rh = a and the period
of the Euclidean time is 2π, giving a topology of S3/Z2 as in the original Eguchi-Hanson
metric [14, 15].

Additionally, if p → 0 and q → 0 while keeping p/q2 ≡ −Λ0/(24a4) fixed, the solution
presented in eq. (4.20) is continuously connected to the Eguchi-Hanson metric of general
relativity with cosmological constant found in ref. [54], that is,

f(r) = 1− a4

r4 −
Λ0 r

2

6 and Λ(r) = Λ0 , (4.30)

where Λ0 is an integration constant. Indeed, one can check using eq. (2.18) that the torsion
vanishes in this case. If Λ0 ̸= 0, the hypersurfaces of constant radius have the topology of
S3/Zk with k an integer if 0 ≤ τ ≤ 4π/k and

rh =
√
−2(k − 2)

Λ0
. (4.31)

If Λ0 > 0, the existence of a bolt demands that k < 2. In such a case, the radial coordinate
is bounded since it appears a cosmological horizon. On the contrary, if Λ0 < 0, then k > 2,
and the radial coordinate is unbounded from above. The case Λ0 = 0 needs to be treated
separately. In that case, the metric (4.30) becomes the standard EH metric of refs. [14, 15]
with rh = a and S3/Z2 topology.

5 Global properties

In this section, we obtain the global properties of the solutions such as their Euclidean
on-shell actions and topological invariants. The first is an important quantity that allows us
to obtain the partition function of the system to first order in the saddle-point approximation
through the relation lnZ ≈ −IE . Here, we only consider (anti-)self-dual instantons in the
sense of eq. (3.4) for the sake of simplicity, as the value of their Euclidean on-shell action
is proportional to the Chern-Pontryagin index as we showed in eq. (3.6). In the case of
(anti-)self-dual Taub-NUT/AdS solution in eq. (4.16), its action is

Ion−shell = 4π2P1[M] = 8π2 (ℓ2 − 4n2) (b2 + 6nb2 + 17n2)
ℓ4(b+ 3n)2 . (5.1)

Note that if ℓ = 2n the Chern-Pontryagin index vanishes for the self-dual solution in eq. (4.16).
This is related to the fact that at this point in parameter space the solution becomes global
(Euclidean) AdS with a nontrivial slicing [70, 71], which can be rendered as the ground
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state of the system. On the other hand, the Euclidean on-shell action of the torsional
anti-self-dual EH instanton (4.26) is

Ion−shell = −4π2P1[M] = 4π2 (q4 − 4r2
hq

2 + 6r4
h

)
r2

h

(
q2 − 2r2

h

) . (5.2)

In the vanishing torsion limit, i.e. q → 0, the action is equal to 12π2 giving a Chern-Pontryagin
index P1[M] = −3, a well-known result of the original EH space [14, 15].

The Euler characteristic of these configurations can be computed as [11]

χ(M) = − 1
32π2

[∫
M
ϵabcdR

ab ∧Rcd − 2
∫

∂M
ϵabcd θ

ab ∧
(
Rcd − 2

3 θ
a
c ∧ θcd

)]
, (5.3)

where θab = ωab − ωab
0 is the second fundamental form possessing only normal components

to the boundary ∂M and ωab
0 denotes the Lorentz connection of the product space having

only tangential components at the boundary. To compute the second fundamental form, we
evaluate the torsional components at r = r0 with r0 constant, such that the full Lorentz
connection ωab

0 has tangential components at the boundary. In the case of the novel torsional
self-dual Taub-NUT/AdS of eq. (4.16), the nontrivial components of θab are given by

θ14 = (br0 + n2)Φ(r0)
ℓ
(
r2

0 − n2) (b+ r0)
e1 , (5.4a)

θ24 = (br0 + n2)Φ(r0)
ℓ
(
r2

0 − n2) (b+ r0)
e2 , (5.4b)

θ34 = −
[

(br0 + n2)Φ(r0)
ℓ
(
r2

0 − n2) (b+ r0)
−

(
ℓ2 − 4n2) (r0 − n)(b+ r0)
ℓ(r0 + n)2(3n+ b)Φ(r0)

]
e3 , (5.4c)

where we have defined

Φ(r0) =
√

(r0 − n)
[
b(r2

0 + ℓ2) + 2ℓ2r0 + n(3r2
0 + ℓ2 + 2br0)− n2(2r0 + 3b)− n3]

(r0 + n)(3n+ b) . (5.5)

Using this result, direct evaluation of the Euler characteristic for the self-dual Taub-NUT/AdS
instanton yields

χ(M) = 1 . (5.6)

A similar procedure carried out for the Taub-bolt instanton gives χ(M) = 2. Then, the Euler
characteristics of the Taub-NUT and Taub-bolt spaces differ by one unit, which reflects their
different number of boundaries. Moreover, these values match those of the Riemannian case,
showing that the affine properties of these spaces do not change the topological invariants
of the Euler class.

In the case of the anti-self-dual EH solution, we follow the same strategy: we consider a
product space of constant radial coordinate, i.e. r = r0, such that the Lorentz connection
has only tangential components at the boundary. Then, the nontrivial components of the
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second-fundamental form are

θ14 =
(
2a4 − q2r2

0
)√

r4
0 − q2r2

0 − a4

r3
0
(
2a4 + q2r2

0
) e1 , (5.7a)

θ24 =
(
2a4 − q2r2

0
)√

r4
0 − q2r2

0 − a4

r3
0
(
2a4 + q2r2

0
) e2 , (5.7b)

θ34 = 2a8 + 3a4q2r2
0 + 2a4r4

0 + 2q4r4
0 − q2r6

0

r3
0
(
2a4 + q2r2

0
)√

r4
0 − q2r2

0 − a4
e3 . (5.7c)

Then, definition (5.3) yields the Euler characterstic of the torsional extension of the EH
geometry as

χ(M) = 2 . (5.8)

Computing the index theorem for the Dirac operator is more involved. For non-compact
manifolds, one needs to introduce the codimension-1 boundary integral of the Chern-Simons
form that can be evaluated directly from

∫
∂M θa

b ∧Rb
a. Additionally, one needs to include

the Atiyah-Patodi-Singer η-invariant that measures the difference between the positive and
negative eigenvalues of the tangential components of the Dirac operator [72]. In absence of
torsion, one can use the Hitchin formula [73] to compute the η-invariant directly. Nevertheless,
in the presence of torsion, this formula does not apply and one needs to evaluate this invariant
from its definition by using the Riemann-zeta function regularization procedure [72]. Moreover,
the Dirac index receives corrections coming from the Nieh-Yan invariant [74–76], since it
has been shown that this term contributes nontrivially to the axial anomaly [77]. This
is certainly an interesting aspect that goes beyond the scope of this work and we plan to
revisit it in the future.

6 Summary

In this work we have considered the definition of (anti-)self duality brought in by unconven-
tional supersymmetry. In the bosonic sector of the theory, this (anti-)self duality corresponds
to conditions on the bosonic curvature components that saturate a BPS bound and, if the
action is augmented by a topological term of the Pontryagin class, the moduli space of
vacuum solutions of the theory is enlarged to include all the (anti-)self-dual configurations
as ground states.

In the bosonic sector of the theory, we obtained explicit solutions of conformal unconven-
tional supersymmetry that are (anti-)self dual. In particular, we focused on gravitational
instantons constructed out of the U(1)-fibration of Einstein-Kähler manifolds that generalize
the Taub-NUT/Bolt-AdS and Eguchi-Hanson spaces of general relativity including torsion.
In both cases, the torsion is sourced by the compensating fields associated to the AdS boosts
and special conformal transformations, but these fields are auxiliary and do not represent
propagating deegrees of freedom. These solutions are shown to be continuously connected
to their Einsteinian counterparts in the vanishing torsion limit.

Additionally, the global properties of these solutions such as the action and their topo-
logical invariants have been computed. In the bosonic sector, the action turns out to be
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proportional to the Chern-Pontryagin index of SO(4) that is explicitly computed; this is
usually the case for instantons in Yang-Mills theory. Although the geometry of these solutions
is different from that of their Riemannian counterparts as they include nontrivial torsion,
the value of the Euler characteristic is insensitive to torsion, showing that the different affine
properties of these spaces do not modify this aspect of their topology.

Interesting questions remain open. For instance, the contribution of these (anti-)self-
dual configurations to the Dirac index is certainly of great interest. This could provide a
connection between torsion and the axial anomaly as shown in [77]. Moreover, since the
solutions presented here are non-compact, one would expect a boundary contribution to the
topological invariants of the Pontryagin class. Although bulk contributions of torsion to
the axial anomaly have been explored, the presence of boundaries implies that an extended
analysis is needed. Finally, since these configurations saturate a BPS bound, it can be
expected that they preserve a fraction of the supersymmetry only. We plan to study the
existence of Killing spinors in these spaces to address this aspect in the future.
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A Fundamental representation of SU(2, 2|N)

Throughout this work, we consider the following representation of SU(2, 2|N)

(Ja)A
B = 1

2(γa)α
βδ

A
αδ

β
B = 1

2(γa)A
B , (Jab)A

B = 1
4[γa, γb]AB = (Σab)A

B , (A.1)

(Ka)A
B = 1

2(γ̃a)A
B , (D)A

B = 1
2(γ5)A

B , (A.2)

(TI)A
B = i

2(λt
I)A

B , (Qα
i )A

B = δA
i δ

α
B , (A.3)

(Qi
α)A

B = δA
α δ

i
B , ZA

B =
(
iδA

α δ
α
B + 4i

N
δA

i δ
i
B

)
, (A.4)

where γ5 = iγ0γ1γ2γ3, satisfying (γ5)2 = 1, and we have defined γ̃a = −γ5γ
a. The γ-

matrices are in a 4× 4 spinor-representation (α, β, · · · run from 1 to 4). The indices of the
tangent space are a, b = 0, 1, 2, 3 while indices in the adjoint representation of su(N) take
values I, J = 1, 2, . . . , N2 − 1, and in the fundamental representation they take the values
i, j = 1, 2, . . . , N . The γ-matrices are endomorphisms and they act on spinors as

ψα γa−→ (γa)α
βψ

β . (A.5)

In a similar way the λ-matrices are also endomorphisms and they act on spinors as

ψα
i

λI−→ (λI) j
i ψ

α
j , (A.6)
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and they satisfy the algebra [λI , λJ ] = fIJKλ
K , where indexes are raised/lowered with an

Euclidean metric δIJ . Indices of the adjoint representation of SU(2, 2|N) are denoted by
A,B = 1, · · · , N + 4, so we have a N + 4 × N + 4 representation. We find convenient to
split them as A = (α, i). Then, all the possible products that mix spaces like pi

Aq
A
α are

trivial. Thus, the following relations are understood

(γa)A
B = δA

α (γa)α
βδ

β
B and CαA = Cαβδ

β
A . (A.7)

The generators Ja and Jab form a AdS4 algebra and, alongside D and Ka, they form
the conformal algebra, that is,

[Ja,Jb] = Jab , [Ja,Jbc] = ηabJc − ηacJb , (A.8)
[Jab,Jcd] = −(ηacJbd − ηadJbc − ηbcJad + ηbdJac) , [Ka,Kb] = −Jab , (A.9)
[Ja,Kb] = ηabD , [Ka,Jbc] = ηabKc − ηacKb , (A.10)
[D,Ka] = −Ja , [D,Ja] = −Ka . (A.11)

Including Qα
i and Q

i
α, the commutators close in a su(2, 2|N) superalgebra given by

[Ja,Q
i
α] = 1

2Q
i
β(γa)β

α , [Ja,Q
α
i ] = −1

2(γa)α
βQ

β
i , (A.12)

[Jab,Q
i
α] = Q

i
β(Σab)β

α , [Jab,Q
α
i ] = −(Σab)α

βQ
β
i , (A.13)

[Ka,Q
i
α] = 1

2Q
i
β(γ̃a)β

α , [Ka,Q
α
i ] = −1

2(γ̃a)α
βQ

β
i , (A.14)

[D,Qi
α] = 1

2Q
i
β(γ5)β

α , [D,Qα
i ] = −1

2(γ5)α
βQ

β
i , (A.15)

[TI ,Q
i
α] = − i2Q

j
α(λI) i

j , [TI ,Q
α
i ] = i

2(λI) j
i Qα

j , (A.16)

[Z,Qi
α] = −i(4/N − 1)Qi

α , [Z,Qα
i ] = i(4/N − 1)Qα

i , (A.17)

and

{Qα
i ,Q

j
β} =

(1
2(γa)α

βJa −
1
2(Σab)α

βJab −
1
2(γ̃a)α

βKa + 1
2(γ5)α

βD

)
δj

i

+ δα
β

(
−i(λI) j

i TI −
i

4δ
j
iZ

)
. (A.18)

The graduation operator is given by

GA
B = δA

α δ
α
B − δA

i δ
i
B , (A.19)

and it classifies generators in bosonic B = {Ja,Jab,Ka,D,TI ,Z} or fermionic F = {Qα
i ,Q

i
α}

representations by [B,G] = 0 = {F,G}, and it squares to one, i.e., G2 = 1. With the
graduation operator we can define an invariant supertrace

⟨G⟩ ≡ Tr(GG) = 0 . (A.20)

The supertrace have the following properties

⟨B1B2⟩ = ⟨B2B1⟩ , ⟨BF ⟩ = ⟨FB⟩ , ⟨F1F2⟩ = −⟨F2F1⟩ . (A.21)
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All the generators G in the representation are s-traceless

⟨G⟩ = 0 , where G = {Ja,Jab,Ka,D,TI ,Z, Q
α
i ,Q

i
α} . (A.22)

The quadratic combinations that give nontrivial traces are

⟨JaJb⟩ = ηab , ⟨JabJcd⟩ = −(ηacηbd − ηbcηad) , (A.23)
⟨KaKb⟩ = −ηab , ⟨D2⟩ = +1 , (A.24)

⟨TITJ⟩ = 1
2δIJ , ⟨Z2⟩ = 4(4/N − 1) , (A.25)

⟨Qα
i Q

j
β⟩ = −δα

β δ
j
i = −⟨Qj

βQ
α
i ⟩ . (A.26)

The S operator is fundamental in getting the usual expressions for the kinetic terms.
In this case, the nontrivial traces are

⟨SD⟩ = 2i , ⟨SJabJcd⟩ = −ϵabcd = ⟨JabSJcd⟩ , (A.27)
⟨JaSKb⟩ = −iηab = −⟨KaSJb⟩ , ⟨ZSD⟩ = −2 = ⟨DSZ⟩ . (A.28)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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