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Abstract: We obtain an accurate analytic approximation for the Bessel function J,(x) using an
improved multipoint quasirational approximation technique (MPQA). This new approximation is
valid for all real values of the variable x, with a maximum absolute error of approximately 0.009.
These errors have been analyzed in the interval from x = 0 to x = 1000, and we have found that the
absolute errors for large x decrease logarithmically. The values of x at which the zeros of the exact
function J»(x) and the approximated function J,(x) occur are also provided, exhibiting very small
relative errors. The largest relative error is for the second zero, with e, = 0.0004, and the relative
errors continuously decrease, reaching 0.0001 for the eleventh zero. The procedure to obtain this
analytic approximation involves constructing a bridge function that connects the power series with
the asymptotic approximation. This is achieved by using rational functions combined with other
elementary functions, such as trigonometric and fractional power functions.

Keywords: Bessel function; MPQA

1. Introduction

The applications of Bessel functions are common in various fields of science, such as
electrodynamics, physics, chemistry, and engineering [1-4]. As such, accurate approximate
analytic functions for Jo(x) and J;(x) have been obtained recently [5,6]. Furthermore,
since integer-order functions are the most significant, we aim to derive a precise analytic
approximation for J;(x). The same technique, the multipoint quasirational approximation
(MPQA) [7], has been applied in previous works but with important improvements for
this new function. In the present article, we bridge both the asymptotic expansion and the
power series via an analytic approximation. Additionally, we introduce an improvement
that may be crucial for future applications. The final approximation combines rational and
elementary functions, resulting in a simple function that is easy to calculate with a very
low absolute error. Moreover, it provides a very close solution for the zeros of both the
exact and approximate functions with a very small relative error. An important aspect
of the present approximation is the symmetry preservation, rendering the approximation
valid for both negative and positive values of x. This means that the approximate function
J2(x) is constructed as an even function, like the original function J,(x), meaning that
the same approximation for positive values of x is also valid for negative values. In the
initial approximations of Jo(x) [8], this symmetry preservation was not considered, limiting
the approximation to positive values of x only. It is important to note that in the Padé
method [9,10], power series are used, and the approximation is obtained through rational
functions, which are quotients of polynomial functions. In our new technique, asymptotic
expansions are as important as the power series. Since these expansions involve additional
functions, such as exponential, trigonometric, hyperbolic, and other elementary functions,
new types of functions must be used in combination with rational and polynomial functions.
This new technique simplifies the approximations and can be applied to all real values of the
variable, avoiding the usual restrictions. An additional improvement is to consider the zeros
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of the function to create new equations for the approximation parameters. The structure of
the paper is as follows: First, in Section 2, a detailed description of the method to obtain the
new approximation will be presented. The results and errors of the approximation will be
discussed in Section 3. The analysis of the zeros of the approximation and relative errors
will also be carried out in that section. Finally, Section 4 will be devoted to the conclusion.

2. Theoretical Analysis
The power series of the Bessel function is

(PR (D g
fa(x) = (E) k;k!r(k+3) (E) ’ 1)
and the asymptotic expansion is given by

2 105 15 .
Ja(x) ~ nx{(l—128xi...)cosx—(8xi...)sm)(}, 2)

where x = (x — %"), and

1
cos x = cos (57t/4) cos x + sin (57t/4) sinx = ———(cos x +sinx). 3)

V2

These equations are found in many mathematical texts, particularly in Refs. [1-4].
Considering these series, the approximate analytic function J>(x) is structured as

To(x) = (po + PovV1+ A%x2 + pox?)xsinx + (p1 + p3V'1 + A%x2)x% cos x @
8(1+ A422)3(1+ gx2)

In the MPQA technique, the approximation is a quotient of rational functions com-
bined with elementary functions, derived from the asymptotic expansions, which explains
the appearance of sin(x) and cos(x). The unusual term here is the radical term v/1 4+ A4x2,
introduced to preserve the symmetries of J(x). The main symmetry is that the function
J2(x) is even in x, starting from the power x?, which is maintained by x sin(x) and x? cos(x).
Furthermore, when x tends to infinity, the asymptotic behavior of Equation (2) approaches
1/+/x. To maintain this symmetry using even powers of x, we use 1/ (1 + A*x?)1/4. How-
ever, in the numerator, the term “p,x2” has the same degree as “qx>”, but the factor x in
x sin(x) must be compensated by another term in the denominator, which is now v'1 + A%x?,
explaining the term (1 4+ A*x2)%/4 in the denominator. The problem arises with x? cos(x)
at the end, and thus the term (p3x?)x? cos(x) would result in a term with x* instead of
x3. To avoid this, we use p3(v/1 + A%x2)x? cos(x) instead of p3x* cos(x). Consequently, to
balance the polynomial terms, we also include fipv/1 + A*x2. These modifications result in
better approximation accuracy.

Now, let us determine the parameters. Three equations are obtained by matching the
power series terms of both J(x) and J(x). To avoid nonlinear equations, the first step is to
rationalize by multiplying by (1 + A*x2)3/4(1 + gx?). By identifying the first terms of the
expansions in Equations (1) and (4), we obtain

x\2 x> xt 3A%x2 378y >
4(5) (1—12+384¢...)(1+ e j:...)(l—i—qx)— 5)
7 7 2 4
2 5o P04z P0,8 4 2\ ([ _x
x(po+po+2/\x 8Ax +p2x>(1 6+120¢...)—|—

}\4x2 A8x4 x2 x4
2 A A _r r
x{p1+<1+ ) i...)pg,](l + ),
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where the initial coefficient 4 arises from 8/T'(3), and the power series expansions of
(1+ A*x2)3/4 (1 + A*x?)1/2,sin x, and cos x are used:

)L42 A84
3A*x 3xi

(14 A*x?)34 =1+ Tt (6)
AdxZ A8yt
(14+ A% )V2 =14 g 7)
2 4
sinx—x(l—x()—i—lxzoi...), (8)
2 4
x° X
cosx:l—?+ﬂ$.... )

The following equations are obtained in the zeroth, second, and fourth orders in x:

1=po+po+p1+ps, (10)
1 3 A 1 1 1 1 1

=5 Ipy— Sy — —pg — = 24 11

q 12+4 2P0+P2 cPo— ¢ho—5p 2P3+2/\P3, (11)
38 lya 1 8y 1o lig 1y 101 _—
2h e tar TGN T )T g o A o — gpat 5 (Po + o)
1 1 +

_§A8p3_1A4p3+ P124P3 (12)

In the second step, the asymptotic expansion must be considered, and by identifying
terms, the following equations are obtained with A considered a positive number:

8A3 8\
= —— I‘ = ——. 13
p2 ﬁq p3 =L (13)

There are five equations, and excluding the parameters A, there are six parameters.
There are several ways to derive the last equation, for instance, using another term of the
power series or the asymptotic expansion. However, we find the best result by imposing
coincidence in the first zero xg of J>(x) and J»(x). Thus, the new additional equation is:

.TZ(/\IXO) = O/ (14)

where x is the value of the first zero of the Bessel function J,(x), that is
J2(x0) = 0. (15)
The explicit value of x( is well known to be
xg = 5.1356, (16)
considering five digits. The explicit form of Equation (14) is

(o Poyf T ¢ podsinny + r + p LT A tcos

8(1+A423)7 (1+ gx3)

fz(xo) =

which can be simplified as

[po + Poy/ 1+ A*x3 + poxd] tan(xg) + paxo + paxoy/1 + A%xZ = 0. (18)
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To avoid problems with the so-called “defects” in the Padé method, it is important
to impose the condition that g must be positive. The explanation can be expressed as
follows: the defects in the Padé technique correspond to one zero in the real axis in the
denominator, usually accompanied with a nearby zero in the numerator. In our technique,
we use also rational functions as in Padé, but now since all our functions must be even,
then our denominator is 1+ gx2. If g is negative, zeros in the real axis will be obtained,
but if g is positive, the zeros will be complex numbers, out of the real axis. To achieve this,
it is convenient to obtain 4 as a function of A. By using the above equations, the result is
expressed as

_ N
q= BIK (19)
where N(A) is given by:
N} _ —xA* (47 + 480A% + 540A8) + [10 +223A* + 60078 + 540712 — (20)
7T
—(10 + 487" — 360A%) /1 + A%xZ] tan(xo)],
and D(A) is given by
D(A> 3 8 8 24,4 4
5 =8 <45on + |8 — 4578 + x3A% (4 + 157A) — 84 /1 + A4x2 | tan(xp) | + 1)

+8A° (xo {—4 —450%  (150% +4)4/1 + /\4x5} +3 [8 +15A% — (8 +-5A%) /1 + /\4xg} tan(xo)) +
+\/E<15x0/\4(1 +12A%) + {15)\4(7 +12A%) — 24 (24+90A%) /1 + A4x5} tan(x0)> .

In Figure 1, g is shown as a function of A. The optimal A is denoted as Ay, which
is the value of A producing the smallest maximum absolute errors. The procedure is to
introduce a value of A where g is not negative and to calculate all the parameters of the
approximation. Once this is complete, the next step is to determine the maximum absolute
error for each A. The best A will be the one producing the smallest maximum absolute error,
which in this case is A = Ay = 0.9020, yielding a maximum absolute error of emax = 0.0098
for x = 3.3307, with a relative error at this point of e,,; = 0.02 and q = 327.974.

In this work, maximum absolute errors are considered instead of relative ones because
the functions have zeros. The errors near the maximum error are now the values of the
parameters p and g determined with A = A, and these are shown in Table 1.
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Figure 1. The figure in (a) shows the values of A wherein 4 > 0, and the one in (b) shows both
regions, separated by a vertical line at A = A, and the grey color is where ¢ < 0, which is for
0 < A < Ay =0.9010.
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Table 1. Values of parameters of the approximation.

Parameters Values
A 0.9020
q 327.974
Po 1575.47
Po 2005.13
P1 —2244.35
p2 —1086.36
ps —1335.24

3. Results

It is noteworthy that a plot of the function and the approximation, on a typical scale,
shows only small differences as seen in Figure 2.
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Figure 2. Comparison between the exact function J»(x) (solid line) and the approximate function
Jo(x) (dashed line).

A more interesting result is obtained by plotting the absolute error as a function of the
variable x as shown in Figure 3. This figure clearly illustrates that the errors are very small
for both small and large values of the variable x. The maximum error occurs at intermediate
values. Note that in Figure 3, the range of the variable x in Figure 3b is four times that in
Figure 3a, and in Figure 3c the variable is logarithmic as well as the corresponding errors.
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Figure 3. Absolute errors e 4 (x) = |Jo(x) — Ja(x)| for A = Ag. Panels (a) and (b) display 4 (x) from
x =0tox =25and x = 0 to x = 100, respectively. Panel (c) displays ¢ 4 (x) from x = 10 to x = 1000
using a logarithmic scale.

In Table 2, the zeros of the exact function J>(x,) = 0 and the approximated function
J2(%,) = 0 are compared. The first zero is not considered because it coincides with five
digits through Equation (17), and each value x, and %, is written with only five digits. The
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relative error €, (1) of each one, except the first one, is given in the last column of the table.
The largest relative error is 0.0004 at the second zero. The formula for the relative error is

Xp — X
Srel(n):| nx nll (22)
n

where x;, is the n-zero of J»(x), and %, is the corresponding one of J,(x). In Figure 4, the
relative errors are shown.

Table 2. Zeros of J>(x) and J(x).

Zeros of Jo(x,) =0

Zeros of J,(%,) =0

Relative Error of Each Zero

x, = 8.4172 %, = 8.4208 0.0004
x3 = 11.6198 % = 11.6237 0.0003
x4 = 14.7960 %y = 14.7996 0.0002
x5 = 17.9598 %5 = 17.9631 0.0002
xg = 21.1170 %6 = 21.1200 0.0001
x7 = 24.2701 %7 = 24.2729 0.0001
xg = 27.4206 % = 27.4231 0.00009
X9 = 30.5692 %9 = 30.5716 0.00008
x19 = 33.7165 %19 = 33.7187 0.00007
x11 = 36.8629 %11 = 36.8649 0.00006

One important difference between the present technique and the Padé method is that
the radius of convergence of the power series is not important for our approximation.
The approximations obtained by the present technique are valid for positive and negative
values of x since the symmetries are preserved. Another significant point is that the usual
problems with the so-called “defects” in the Padé method, which involve a zero in the
denominator and another one near the numerator, never appear in the present method.
Additionally, by simultaneously using the power series and asymptotic expansions, the
relative and absolute errors for small and large values of the variable are minimal, and the
largest errors occur at intermediate values of x.

Finally, it is noteworthy that the results obtained are valid for positive and negative
values of x, as J>(x) is an even function as indicated in the paragraph following Equation (4).

We now comment on the comparison between our results with other important approx-
imations previously published, different from the power series and asymptotic expansions
already considered. The most notable among these are the so-called polynomial expan-
sions [11-13]. These approximations, particularly for Jo(x), J1(x), J4(x), and other integer
orders, although not specifically for J,(x), are derived similarly and yield similar results.
These approximations are highly accurate for small values of x, typically for 0 < x < 3,
with errors lower than 1.5 x 10~°. However, they fail for larger values of x as demonstrated
in Ref. [12]. In contrast, our approximation is valid for all values of x, with the largest
error of 0.0098 occurring at an intermediate value of about 3.3. Our errors are minimal
for small values of x and also for very large values of x (i.e., as x — o0), a characteristic
of all approximations using the MPQA technique, which becomes exact for small and
large values of the variables as they coincide with the power and asymptotic expansions.
Typically, the MPQA method yields good approximations for all positive values of the
variable [7]. Moreover, since symmetry is preserved, our approximation is valid for all real
values of the variable.
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Figure 4. Relative errors in the zeros x,,, n = 2,3,...,11. Only ten zeros after the first one are shown.

The values of J,(x), where the zeros are located, are given in Table 2. The error of the first zero is
vanishingly small (see Equation (17)) and is therefore not considered in this figure.

4. Conclusions

A very precise approximation for the Bessel function J,(x) has been obtained, valid
for all real values of the variable x. The method presented here is an improvement on the
MPQA technique. In the present method, the structure of the denominator is simpler than
in previous approximations for other Bessel functions of the integer order. To obtain the
present approximation, both the power series and asymptotic expansion are simultaneously
used as is usual in the MPQA method. However, we have improved the method by
including an additional approach to derive some of the parameter equations using the zeros
of the exact function. The maximum absolute error obtained here is 0.009 at x = 3.3307.
However, the errors outside a small interval around this value are much smaller (see
Figure 3a), and decreasing logarithmically with x as it is shown in the range from x = 10 to
x = 1000 (see Figure 3c).

It is also noteworthy that the zeros of both J(x) and J>(x) are very close, with the
maximum relative error in the position of the zeros being 0.0004 for the second zero. These
errors also decrease quickly as it is presented from the second to eleventh zero. Approxima-
tions are not usually common in applications of Bessel functions; we believe this is because
all previous approximations were for a limited range of the variable. We think that now,
with the approximation being valid for all real values of the variable, there is a good possi-
bility that the present approximation could be used in applications where Bessel functions
appear in physics and engineering [14-16]; see, for instance, Equations (5), (6) and (A1) in
Ref. [16], where our results can be considered to give an explicit and analytical expression
for Jo(x).
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