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ABSTRACT

A new approximation method for the plasma dispersion function Z({) is presented. Multipoint quasi-rational approximation technique is
used to find a bridge function that connects the power series and the asymptotic expansion of the function Z({) using rational functions
combined with exponential functions. An approximation with a polynomial of degree 10 is performed for the function Z({), and the results
obtained are compared with those of previous approximations from the literature. The results of this approximation were a relative error of
£ = 0.0035 for Re[Z({)] and a relative error of & = 0.0011 for Im[Z({)], which are lower than those of the other existing approximations.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0184424

I. INTRODUCTION

In the theory of linearized waves or oscillations in high-
temperature plasmas, with or without a magnetic field, a function
with a complex argument called the plasma dispersion function,
Z({), is determined. This function originates with Landau’s treat-
ment of electrostatic waves in plasmas in 1946.' The Fried and Conte
plasma dispersion function is defined through the Hilbert transform
of the Gaussian.” Through the years, different studies on the plasma
dispersion function have been carried out to obtain a simple and
easy-to-use approximation using different treatments and compu-
tational techniques.””” This function is important to determine the
damping and growth of plasma waves as well as instabilities, and it
is also relevant for the theoretical and experimental applications in
physics.'*'

In this work, new approximations have been determined
for Z({), using new techniques, as the “multipoint quasirational
approximations,” MPQAs. In this method, the terms of the power
series and the asymptotic expansion are used. In this technique, a
power series and asymptotic expansion are both used to determine
a bridge function connecting both expansions; in this way, the tech-
nique is different from the Padé method,'® where only power series is
used. This procedure approaches different research areas with good
results.”” " Previous treatment with this method was found by Mar-
tin et al.* with a four pole rational function, denoted by Zs3({),
where the maximum relative errors for the real part of Zs3({) were

0.005 and those for the real part of Zi;({) were 0.035. However,
the results were only determined for only a part of the complex
plane as we will show in Sec. II. This approximation was better, in
general, than those obtained by other authors. However, some appli-
cations mainly in the instability zones require higher accuracy for
Z({) and Z'({) than those published until now. For this reason, a
new approximation with a quotient of polynomials of ten degrees
has been determined here. The best results were found using five
terms of the power series, four terms of the asymptotic expansion,
and an intermediate term as a condition, obtaining a relative error
in the real part of 0.0035 and in the imaginary part of 0.0011. Fur-
thermore, there is an excellent concordance for all the values of (,
mainly in the superior plane as it is usually required. Furthermore,
the multipolar quasirational approximation obtained here preserves
the main symmetries of Z({), Z({*) = -[Z(-{)]".

A general procedure for obtaining the values of rational func-
tions is described in Sec. I1. The results are presented in the graph-
ical form in Sec. ITI. The analysis and discussion of the different
approximations are done in Sec. I'V, and Sec. V is dedicated to the
conclusion.

Il. GENERAL PROCEDURE

Rational functions will be used together with an exponential
function. The parameters of the approximation will be determined
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by equalizing terms with the power series and the asymptotic expan-
sion, with the terms of an approximate function. Considering the
plasma dispersion function Z({), the approximated function is
written in the form
n .
i X pi’
P -
(+f00)
j=1

+ivme "t 1)

where { = x + iy. Here, the numerator of the polynomial is chosen
one degree less than the denominator to obtain the required

The power series is written as

pubs.aip.org/aip/adv

asymptotic behavior in O(1/(). This is also the reason of the initial
factor {. The parameters to be determined are p, (i = 0,...,4) and g ’

(j=1,...,5).

as

The approximate function Z({) is written

po+ 18+ pal* + psl® + pal®

e
+ 1ﬁe . (2)
1+ @i + @0t + @308 + qul* + g5 ("°

() =-2

For the MPQA method, the exponential term does not have the
value of ¢ since it is not required.

. e 2 2 4 8 16 8 32 10 ]
Z() = T4 B T G Py I o S e S T 3
(€) =iv/me ([ 3 10 T aast T rosest 3)
and the asymptotic expansion is given by
1 1 3 15 105 945
Z(() = —| 1tz + g+t =t
(() 10\/ e ( [ 2(2 4(4 8{6 16(8 32(10 (4)
where o has values
0, Im{{}>0,
o=41, Im{{}=0, (5)
2, Im{{}<o0.

The treatment for the function Z(() is developed with the power series and the asymptotic expansion excluding the exponential term of
each function. In this way, the values of p; and g; can be obtained. It is necessary to rationalize the equations to avoid non-linear equations; in

this way, only linear equations are obtained. For the power series, equating the terms of the series with the function Z, we obtain

2 4 6 8 2 4 6 10 2, 4.4 8 6 16 5 32 )
=(1 1-— — - — —C - RN B 6
pot i 4 pal 4 psl 4 pa = (L4 o+ et 50 (12 20 L0 Bl 0 ©
and finally, the equations will be now written as
po=1,
pr=a-2/3
P2 =q2-(2/3)q1 +4/15,
™)
Ps=q3 = (2/3)42 + (4/15)q1 - 8/105,
p4 =q4 — (2/3)q3 + (4/15)(12 - (8/105)q1 + 16/945,
0=gs—(2/3)qa + (4/15)gs — (8/105)q, + (16/945)q; — 32/10 395.
For the asymptotic expansion, equaling terms with the function Z,
2 4 6 8
Po +2P1( +4P2( +6P3( +4P4( i _1[1 + Lz + % + L56 + 1058 + 94?0 +oe ] (8)
1+ q10" +q20" + q30" + qa(” + gs¢ ¢ 2074 8¢ 160" 32(
once a simple algebra is done,
2p0  2p1 2p2  2ps 1 Qg Q2 93 qa 1 3 15 105 945
=ttt 5 t2pu= |t gt et gt st 1+ —&+—(F+—F+—5+ +--- ], 9
(8 (6 (4 (2 P4 (10 (8 (6 (4 (2 qs x 2{2 4(4 8(6 16(8 32(10 ( )
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and we obtain

2p1=q2 + (1/2)g3 + (3/4)ga + (15/8)gs,
2p> =qs + (1/2)qa + (3/4) g5,

2p3 = qs + (1/2)gs,

2ps = gs.

(10)

With this method, Eqgs. (7) and (10) are used. From these
ten equations, their ten parameters that are necessary for Z(( ) are
obtained. The parameters are obtained using a system of linear equa-
tions or by a 10 x 10 matrix. It is observed that when evaluating
Z({) with the values found, a relative error that is not so good is
obtained. Therefore, a condition is required to improve the relative
error. For lambda, we will follow the procedure of the latest publi-
cations on MPQA technique, which consists of leaving a parameter
free, minimizing the maximum relative error. This parameter will be
denoted by A, and it will replace the parameter q.; the approximation
will be written now as Ag. The approximation and equations are as
follows:

po+ 1+ palt + psl® + pal®

e
+ . 11
e il r qal ol 4 qui sagd Ve A

Z(0) = -2

The equations become

po=1,
pr=q1-2/3,
D2 ZQ2—(2/3)£11 +4/15, (12)

p3=q3 - (2/3)q2 + (4/15)q1 - 8/105,
pa=qs—(2/3)gs + (4/15)q2 — (8/105)q; + 16/945,

where the last equation of Eq. (7) will not be considered. The
equations can be written as

2p1=q2+ (1/2)gs + (3/4)ga + (15/8)A,
2p2 = q3 + (1/2)qs + (3/4)A,

203 = qu+ (1/2)0,

2ps = A

(13)

If an approximation is made for polynomials of degrees 2, 4, 6,
8,10, 12, and others, the value of lambda will not be the same since it
is adjusted to each approximation made. In the case of our research,
the value of lambda does not change because the approximation is
only for polynomials of degree 10. The value of the parameter A is
obtained by comparing the function Z({) with the exact function, of
all the possible values of A, the one that best fits the exact function
Z({) is chosen. The value of A with the minimum of the maximum
relative errors will be taken as the best one, and it will denoted as
Ao. The value of Ay is 0.006 517, and the nine parameters are as
follows:

pubs.aip.org/aip/adv

po=1,

pl = (1/144)(32+945 - L),

P2 = (1/7560)(416 + 23 635 - Ag),

p3 = (1/3780)(32 + 4725 - &),

pa=0.006517/2, (14)
g1 = (1/144) (128 + 945 - Ap),

g2 = (1/42) (16 + 315 - Ap),

gs = (1/630)(64 + 2835 - 1),

qa = (2/945)(8 + 945 - Ao).

lll. RESULTS

In Table I, the results of pg, p, p,s P3» Py» 41> 95> 45> and g, are
shown. In addition, we have the value of Ag = 0.006 517. The values
of the nine parameters p; and g; were found, and the value of 1 was

obtained; now, it is possible to graph the curves of Z({). The relative
error of the function Z({) is found, and the maximum relative errors
for the real part and those for the imaginary part are € = 0.0035
and ¢ = 0.0011.

In Fig. 1, the MPQAs compared to the approximations of
Martin and Pécseli are shown. The differences that exist between
the approximations are small; the curves shown in Fig. 1 are not
appreciated. Therefore, the maximum relative errors are obtained
for each approximation; in this way, we can observe the differ-
ences that exist between them. Only in the case of the approxi-
mation of Z({), there is similarity in the curves; for its derivative,
there are important differences. The approximation carried out
by Pécseli’ is characterized by being a function that is evaluated
in sections, that is, for each section that is developed, there is a
different equation. This approximation has four intervals on the
x axis. The intervals are Z*(x) < 6.25, 6.25 < Z*(x) < 12.25, 12.25
< 7Z*(x) < 25, and Z*(x) > 25. When comparing the approxima-
tion with the exact function Z({), the maximum relative error
for the real and imaginary part is 0.002 and 0.007, respectively.
In the approximation of Martin et al.," the function found is a
polynomial of degree 4 and is called Zs3. The function Zs3 is a
rational function and is composed of poles and residues. Compar-
ing the approximation with the exact function Z({), it is found
that the maximum relative error for the real part is 0.005 and that
for the imaginary part is 0.02. For the MPQA, a relative error
similar to the other approximations is obtained; the maximum

TABLE I. Values of the parameters p;, g;, and Aq.

Value of Ao Parameters of p; and g;
p, =10
p1=0.2649901
p, =0.0754010
p, =0.0166118

0.006 517 py =0.00325848

q, =0.9320034
q, = 0.4295003
q; =0.1320034
q, =0.0300342

AIP Advances 14, 025142 (2024); doi: 10.1063/5.0184424
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relative error for the real and imaginary part is 0.0035 and 0.0011,
respectively. It is interesting to show the four curves; however, the
differences between the approximations of the real and imaginary
curves of Z({) are so small that no difference can be shown on this
scale.

Figure 2 shows a peak, which is the maximum error obtained.
The relative error of the imaginary part of Z is obtained for the range
0 <x < 6. In Fig. 3, the relative error of the part Re[Z({)] in the
range of 0 < x < 6 is shown. There are two peaks of maximum error;
the maximum value is 0.0035.

To obtain the absolute error of the approximations, a dif-
ference is made between the Martin and MPQA; the values of
Zapp — Z were obtained. Zgp, are the values of the approximations
to be compared, and Z is the exact plasma dispersion function.
The complex map of the absolute error of the approximations
is shown in Fig. 4. The values of the imaginary part of Z,, —Z
are shown on the ordinate axis, and the values of the real part
of Zupp — Z are shown on the abscissa axis. It can be seen that
the absolute error of the Martin approximation is shown with a

T T T ¥ T T T
18 1 -
15 -
12 - —— P Martin ¢ = 0.02 _
1 —— MPQA & =0.0011
L o9 o -
S, ©
€ o6 —— H Pécselie = 0.007
S o6 - .
03 - -
00 |-
1 1 1 1 1 1
0 1 2 3 4 5 6
X
02 T 4 T 4 T~ ' LT v T ¥ T
Plasma Dispersion Function y = 0
00 |- -
0,2 |- a‘ ) U 5-0-0-0-0-0-2""]
S MM"""“ ]
g 04 é‘ e
N 4 y . _
L -0,6 |- | y —— P Martine = 0.005|
= ‘ - MPQA & =0.0035
-08 |- \ .
\ —Z(0)
10k \N < HPécselie =0.002 |
1,2 1 1 1 1 1 1
0 1 2 3 4 5 6

FIG. 1. The approximations of Martin and Pécseli and MPQA are shown with their
respective relative errors for Z({).
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T T T T T T T T T T
0,0015 - — = — Relative error ImEZ(Q):”—
0,0012 . i
K>
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(]
£ 00008 | 4
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0 1 2 3 4 5 6
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FIG. 2. Relative error of the imaginary part of Z() for y = 0. The maximum
relative error is 0.0011.
T T T T T T T T T T T

‘ — m— Relative error Re [:Z(C):” b
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0,0036 - -
0,0030 —
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FIG. 3. Relative error of the real part of Z(¢) for y = 0. The maximum relative error
is 0.0035.

—a— MPQA |
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-0,0006

-0,0012
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FIG. 4. Comparison of the complex map of Martin approximation and MPQA with
the exact function Z({).
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TABLE I1. Values of the maximum relative errors of each approximation for Z({) and

2'({).

Maximum relative Maximum relative

Approximations errors (real) errors (imaginary)
MPQA Z(() 0.0035 0.0011
Martin Z({) 0.050 0.020

Pécseli Z({) 0.0020 0.0070
MPQA Z'(0) 0.026 0.000018
Martin Z'({) 0.035 0.11

Pécseli Z' () 0.32 0.46

dotted line and the MPQA is shown with a square line. The abso-
lute error of MPQA is less compared to that of other approaches;
the absolute error of Im(Zapp) — Im(Z) is less than 107%°. There are
other methods in the literature that approximate 4, 8, 12, 16 up to

——————————- ——
Derivative of Plasma Dispersion Function y=0
10 - 4
05 |-
00 |
Ml
=5
N 0o —— P Martineg =0.035 |
Y /
Mook / ——MPQA e =0.026 i
—Z()
S —— H Pécselie =0.32 .
20L & .
1 1 1 L 1 1 1
0 1 2 3 4 5 6
X
6 —r—¥¥+ &+ —+—7—+—7
03 |- -
00 |
03 | =
— L
w06 - -
]Ng( 0 ——P Martine =0.11
= ——MPQA & =0.000018
12 Z'(C) -
151 —— H Pécseli ¢ =0.46 |
1,8 u
1 L 1 " 1 L 1 L 1 L 1 L
0 1 2 3 4 5 6
X

FIG. 5. The real and imaginary part of the derivative of the approximations
compared to the exact function.
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24 degrees of polynomials.” *' These approximations are made with
the Padé method using only the power series with an absolute error
of 107"

To obtain the derivative of the function Z (), we have the
following equation:

Z'(0) = =2[1+¢Z())) (15)

To obtain Z'({), we must again use the values of p, and q;; these
are found in Table I with the condition Ao. Table II shows the values
of the maximum relative errors for each approximation for the real
and imaginary part of Z({) and Z'(¢{).

Using the values from Table I in the MPQA, in Eq. (2),
it is possible to obtain the curves of Z'({), with { = x +iy, for
y= 0. The function Z’({) is obtained for the approximations of
Pécseli and Martin and MPQA. Table II shows the maximum
relative errors of the three approximations with respect to the
exact function. Both the function Z and its derivative Z' are
presented.

Figure 5 shows the real part of the approximations Z’({), where
the maximum relative error of the Martin approximation is obtained
with a maximum relative error of ¢ = 0.035. In addition, we have
the MPQA where a maximum relative error of € = 0.026 is obtained
and the Pécseli approximation has a relative error of ¢ = 0.32. The
lower image of Fig. 5 shows the approximate curves of the imagi-
nary part of Z'({), where { = x + iy with y = 0. We have Martin’s
approximation with a relative error of € = 0.11. The MPQA is shown
with a relative error of € = 0.000 018, and the Pécseli approximation
is shown with a relative error of ¢ = 0.46. It is clear that the approx-
imation presented here for Z'({) is much better than the previous
approximations of Martin and Pécseli.

IV. ANALYSIS AND DISCUSSION

This research focuses on discussing the method of the multi-
polar quasirational approximation (MPQA) applied to the plasma
dispersion function, comparing it with other existing methods in
the literature. This method (MPQA) was tested for two, four, six,
and eight degrees of polynomials, so it does not give a good result
for this type of approach. Therefore, it was decided to make a ten
degree approximation to improve the fit of the curve. The first com-
parison is made with the multipolar method of Martin since this
approximation has been the most used in different investigations
at an international level and is applied in different areas of physics.
Martin’s method uses the power series and asymptotic expansion to
find the poles and residuals. This method is quite useful and rela-
tively easy to get the values of the Z({) function. The complexity is
given to obtain a good result for the different parameters and treat-
ments. The maximum relative error for the real part of Z({) is 0.005,
and that for the imaginary part is 0.02. The other method that is
compared is that of Pécseli, where he makes an approximation by
sections. It uses four ranges to evaluate the function Z({) with four
different functions. The maximum relative error for the real part of
Z({) is 0.002, and that for its imaginary part is 0.007. The maxi-
mum relative error of the real part of Z'({) is 0.32, and that for
the imaginary part is 0.46. The imaginary part of Z({) and Z'({)
is important in calculating the damping or growth of plasma waves.
To improve the approximation, a better fit to the curve is needed. In
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the proposed method, the power series and the asymptotic expan-
sion are used to find the rational functions that could be used to
construct the function Z({). A better result is obtained when con-
sidering polynomials of higher degrees, so an approximation with a
polynomial of degree 10 is used. The complication is given by the
condition that is required to better adjust the parameters, where the
parameter A is used and as a result the value of Ao = 0.006 517. The
value of the parameter A is only for the parameters that are devel-
oped in this approximation; if we perform another approximation
with other parameters of p, and g;, another value of lambda will be
obtained, which will fit the curve of the function Z. With this para-
meter, it was possible to find the values of p; and g; for the function

Z({) and its derivative that is Z'({). The values are obtained and
represented as shown in Figs. 1 and 5 with Tables I and II. For the
function Z({), it is plotted for y = 0, comparing with the other two
mentioned methods. The relative error of the real part of the func-
tion Z({) is 0.0035, and its relative error for the imaginary part is
0.0011. Next, we have the graphs of the function Z'({) compared
to the other two methods. The relative error of the real part of the
function Z’({) is 0.026, and its relative error of the imaginary part is
0.000 018. Results are obtained in the range 0 < x < 6 since this range
is the objective of the study.

V. CONCLUSION

A new approximation for the plasma dispersion function Z({)
has been found with much better results than those previously
published. To determine the new approximation, power series and
asymptotic expansions are used simultaneously, and a bridge func-
tion between both expansions is determined using rational expo-
nential functions. This procedure is like an extension of complex
functions of the so-called multipoint quasi-rational approximation
(MPQA) technique. In the present analysis, both complex func-
tions Z({) and Z'({) are considered mainly for real values of {,
where { = x + iy with y = 0. Here, the maximum relative error for
the real part Z({) is 0.0035, and that for the imaginary part is
0.0011. In the case of Z'({), the maximum relative errors are 0.026
and 0.000 018 for the real part of Z'({) and the imaginary part of
Z'({), respectively. In the present work, the approximation is only
one for all values of {, which is an important difference with the
Pécseli approximation, which is defined using several approxima-
tions, each valid only in intervals of the variable {. This method
(MPQA) was tested for two, four, six, and eight degrees, but the
results were not as good as desired for this type of approach. There-
fore, it was decided to perform a ten degree approximation to
improve the fits to the curve. In this study, no approximations
greater than ten degrees were made, so they would remain open
problems for future research. The current approximation is better
than the approximations of Martin and Pécseli and can be applied
with confidence in most applications of the function Z({) in plasma
physics.
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