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Abstract: Our paper introduces a new theoretical framework called the Fractional Einstein–Gauss–
Bonnet scalar field cosmology, which has important physical implications. Using fractional calculus to
modify the gravitational action integral, we derived a modified Friedmann equation and a modified
Klein–Gordon equation. Our research reveals non-trivial solutions associated with exponential
potential, exponential couplings to the Gauss–Bonnet term, and a logarithmic scalar field, which are
dependent on two cosmological parameters, m and α0 = t0H0 and the fractional derivative order µ.
By employing linear stability theory, we reveal the phase space structure and analyze the dynamic
effects of the Gauss–Bonnet couplings. The scaling behavior at some equilibrium points reveals
that the geometric corrections in the coupling to the Gauss–Bonnet scalar can mimic the behavior
of the dark sector in modified gravity. Using data from cosmic chronometers, type Ia supernovae,
supermassive Black Hole Shadows, and strong gravitational lensing, we estimated the values of m
and α0, indicating that the solution is consistent with an accelerated expansion at late times with the
values α0 = 1.38 ± 0.05, m = 1.44 ± 0.05, and µ = 1.48 ± 0.17 (consistent with Ωm,0 = 0.311 ± 0.016
and h = 0.712 ± 0.007), resulting in an age of the Universe t0 = 19.0 ± 0.7 [Gyr] at 1σ CL. Ultimately,
we obtained late-time accelerating power-law solutions supported by the most recent cosmological
data, and we proposed an alternative explanation for the origin of cosmic acceleration other than
ΛCDM. Our results generalize and significantly improve previous achievements in the literature,
highlighting the practical implications of fractional calculus in cosmology.

Keywords: fractional calculus; dynamical systems; scalar field cosmology; modified gravity

1. Introduction

In general relativity, the Cosmological Principle is satisfied by the homogeneous and
isotropic Friedmann–Lemaître–Robertson–Walker (FRLW) metric. It is believed that cold
dark matter (CDM), which is not visible and only interacts through gravity, exists, and
dark energy (in the form of a cosmological constant Λ) explains the Universe’s accelerated
expansion. This model is named ΛCDM and successfully explains the observed late-time
acceleration of the Universe, as initially suggested by Type Ia supernovae (SNe Ia) observa-
tions [1] and later confirmed by Cosmic Microwave Background (CMB) measurements [2].
Moreover, it accurately describes the formation of the Universe’s large-scale structure.
However, the model faces the long-standing Cosmological Constant problem [3,4], and
the true mechanism driving the Universe’s accelerated expansion remains unknown [5].
Various alternative theories have been proposed to address these issues, including non-
commutative theories, quantum cosmology, quantum deformed phase space models, and
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noncommutative minisuperspace approaches, in [6–10] and modified Brans–Dicke theory
in [11,12]. Phantom fields introduce exotic physics through their negative kinetic energy
and inherent quantum instabilities, though they are still supported by some observational
evidence [13–15]. In previous studies, the cosmological evolution of phantom and quintom
dark energy and their connection to late-time accelerated expansion were reviewed [16–18].
Constraints based on cosmic age and SNae I data and theoretical implications and ob-
servations can be found in [19,20]. The cosmological evolution of related hessence dark
energy models was presented in [21,22]. The examination of crossing the phantom divide
in the hybrid dark energy model context can be found in [23]. The reference [24] discusses
cosmological perturbations of the quintom models of dark energy and their effects on
observations. References [25,26] investigated the oscillatory behavior of quintom models.
Additionally, ref. [27] studied interacting two-fluid scenarios for quintom dark energy,
while ref. [28] presented a statefinder diagnostic for holographic dark energy model, and
refs. [29,30] studied some holographic quintom dark energy models. Interestingly, ref. [31]
proved that quintom models admit either tracking or phantom attractors, and refs. [32–34]
analyzed the use of arbitrary potentials and classes of potential beyond the exponential po-
tential. Furthermore, ref. [35] examined the transition from quintessence to phantom phase
in the quintom model, and ref. [36] traced reconstructing attempts to relate these models
with the Universe’s history, from inflation to acceleration, with phantom and canonical
scalar fields. Additionally, refs. [37–39] extended the examination in [33,34]. The crossing of
the phantom divide is also possible within the framework of scalar-tensor theories [40–43],
as well as in various modified gravity theories [44–49]. Hořava–Lifshitz cosmology was
investigated using phase-space analysis in [50] obtaining late-time bouncing oscillatory
solutions under detailed balance. Recently, it was proven that the nonprojectable Hořava
version is renormalizable [51,52]. In [53], the author investigated scaling solutions in the
regime where the scalar field diverges, with an interest in describing the past asymptotic
dynamics in nonminimally coupled dark energy.

Traditional mathematical models often need adjustments when dealing with power-
law phenomena. Fractional calculus provides a suitable framework, accurately capturing
non-local, frequency-dependent, and history-dependent properties inherent in power-law
behavior. Fractional calculus is interdisciplinary and crucial for ongoing research. Recent
studies show that fractional calculus is valuable in modeling fractional derivatives in quan-
tum fields [54,55], as well as in exploring quantum gravity and cosmology [56–60], black
holes [61,62], and fractional action cosmology [63–67]. We can develop fractional versions
of Newtonian mechanics and Friedman–Robertson–Walker cosmology by substituting
partial and fractional derivatives into familiar equations. For example, the study [68]
investigated the emergence of a non-local-in-time fractional higher-order Newton’s second
law of motion and the non-local-in-time fractional dynamics exhibiting disordered mo-
tions. Additionally, fractional variational problems have been presented in [69]. Fractional
derivative methods have been developed through two primary approaches. The first,
the last-step modification method, involves substituting the original cosmological field
equations with fractional field equations tailored for a specific model. An illustrative exam-
ple of this method is presented in [70]. The second approach, the first-step modification
method, is more fundamental. In this method, fractional derivative geometry is established
initially, followed by the application of the Fractional Action-like Variational Approach
(FALVA) [71–73].

Using dynamical system methods, alongside observational data testing, provides a
robust framework for analyzing the physical behavior of models, such as in fractional
cosmology. This approach yields a cosmology with late-time acceleration without needing
dark energy [74–76]. In the study by [74], researchers conducted a joint analysis using
cosmic chronometers (CCs) and SNe Ia data to determine the best-fit values for the fractional
order of the derivative. The observational tests for fractional cosmology in the study by [74]
were improved in subsequent studies by [75,76]. In reference [77], the equation of state for
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a matter component was deduced based on compatibility conditions [77], which had not
been previously analyzed in the study by [74].

In Gauss–Bonnet (GB) theory, the addition of the GB term changes the Einstein–
Hilbert action as referenced in [78–81]. Studies such as [82,83] have demonstrated that
scalar-coupled Gauss–Bonnet gravity in four dimensions can have significant effects on
the early inflationary stage of our Universe. Various scenarios, including GB theory,
F(R), and Lorentz non-invariant models, are discussed in the reviews [48,49], providing
unified descriptions of early-time inflation, bounce, and late-time cosmic acceleration. The
mass of a scalar field is influenced when it interacts with the GB scalar through a non-
constant coupling function, leading to non-zero effects on gravitational theory, as evidenced
in [84–87]. In four dimensions, equilibrium points correspond to solutions with zero
acceleration or de Sitter solutions in various coupling configurations, as found in [88,89]. A
five-dimensional Einstein–Scalar–Gauss–Bonnet model was examined by [90], exploring
different coupling functions and scalar field potentials while analyzing the dynamics and
stability of equilibrium points. These models can explain the Universe’s early and late-
time acceleration phases, making them suitable for studying inflation and dark energy.
Reference [91] introduces a new theoretical framework for Einstein–Gauss–Bonnet theories,
based on the requirement that the theory be compatible with the GW170817 event, ensuring
that the gravitational wave speed is close to one in natural units.

In this paper, we introduce the Fractional Einstein–Gauss–Bonnet scalar field gravity
framework, a novel model with significant cosmological implications. We present an
evolution equation for an effective scalar field related to the coupling with the GB term. The
research uncovers non-trivial solutions associated with exponential potentials, exponential
couplings to the GB term, and logarithmic scalar fields. Stability conditions for the exact
solutions are established using linear stability theory, and the scaling behavior of these
solutions is investigated. Notably, the geometric corrections in the coupling to the GB scalar
mimic the behavior of the dark sector in modified gravity. We estimate the free parameters
using observational data from the SNe Ia, CC, gravitational lensing (GL), and Black Hole
Shadow (BHS) data. Our solutions are consistent with current observational constraints
and result in a late-time accelerating power-law solution for the scale factor. Additionally,
we discuss the physical interpretation of the cosmological solutions, emphasizing the role
of the fractional derivative order within our gravitational framework.

The manuscript is organized as follows. In Section 2, we will apply fractional dif-
ferential calculus to compute specific physical quantities, highlighting their applications
in cosmology. Rather than using covariant fractional derivatives as replacements for the
standard covariant derivatives, we will adopt a point-like Lagrangian formulation of cos-
mology based on the flat FLRW metric and use FALVA to derive a modified cosmological
model. Due to its relevance to cosmology, Section 3 explores scaling solutions and outlines
a reconstruction procedure for both the potential and the coupling function. The stability
analysis of the exact solution is conducted in Section 4. In Section 5, we will constrain the
free parameters of the derived exact scaling solution. We will compute the best-fit parame-
ters at the 1σ of the confidence level for SNe Ia, CC, GL, and BHS data to achieve this. This
approach offers the main advantages of combining dynamical systems analysis and obser-
vational testing, as it allows for using priors from the former analysis to inform the latter,
aligning with the anticipated late-time behavior in a cosmological model. We present our
conclusions in Section 6. For completeness, Appendix A contains our variational equations,
while Appendix B outlines the formalism for the stability analysis of power-law solutions
ψs(t) of a generic ordinary differential equation given by F (t, ψ(t), ψ̇(t), ψ̈(t), . . .) ≡ 0,
where t > 0 is the independent variable and ψ(t) is the dependent variable [92–94]. Our
proposal aims to construct regular differential equations on a bounded state space to de-
scribe dynamics globally, including the early- and late-time behavior of the intermediate
stage of evolution, and alleviate cosmological problems like the H0 tension and the Cosmic
Coincidence problem.
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2. Einstein–Gauss–Bonnet Scalar Field Gravity

We begin with an action with a scalar field with a non-zero coupling to the GB term,

S =
∫

d4x
√
−g
[

R
2κ2 − 1

2
gµν∂µϕ∂νϕ − V(ϕ)− f (ϕ)G

]
, (1)

where R is the curvature scalar and we have assumed units where κ2 = 8πG = 1, and G is
the GB term:

G = R2 − 4RαβRαβ + RαβγδRαβγδ. (2)

Here, ϕ represents a scalar field that is minimally coupled to gravity and possesses a self-
interacting potential V(ϕ). Additionally, it is nonminimally coupled to the GB invariant G
through the coupling function f (ϕ). We are considering the FLRW

ds2 = −N2(t) dt2 + a2(t)
(

dx2 + dy2 + dz2
)

. (3)

Defining H = ȧ/(Na) we obtain that the curvature scalar and the GB term are given by

R = 12H2 + 6Ḣ/N, G = 24H2
(

H2 + Ḣ/N
)

. (4)

By substituting R and G into the action, we can find the point-like Lagrangian:

L = Ṅ(θ)

[
24ȧ(θ)3 f (ϕ(θ))

N(θ)4 − 3a(θ)2 ȧ(θ)
N(θ)2

]
+

3a(θ)ȧ(θ)2

N(θ)

+ ä(θ)
[

3a(θ)2

N(θ)
− 24ȧ(θ)2 f (ϕ(θ))

N(θ)3

]
+

a(θ)3ϕ̇(θ)2

2N(θ)
− a(θ)3N(θ)V(ϕ(θ)). (5)

Extending this model using fractional calculus, we consider that the action is defined by

S(τ) =
1

Γ(µ)

∫ τ

0
L(θ, qi(θ), q̇i(θ), q̈i(θ))(τ − θ)µ−1 dθ. (6)

We follow the procedures of reference [95], which start with the action (6). We make the
steps in Appendix A to obtain the equations of motion of the fields. Implementing the
derivatives in (A7), we have

∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

∂qi
− d

dθ

∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

∂q̇i
+

d2

dθ2
∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

∂q̈1

=
1 − µ

τ − θ

[
∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

∂q̇i
− 2

d
dθ

∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

q̈i

]
− (1 − µ)(2 − µ)

(τ − θ)2
∂L(θ, qi(θ), q̇i(θ), q̈i(θ))

q̈i
. (7)

Then, by applying Hamilton’s principle, we obtain the Euler–Poisson equations
modified by the fractional parameter µ given by (7) by taking the variations with re-
spect to qi ∈ {N, a, ϕ}, and making N = 1 after the variation. Then, using the param-
eterization (τ, θ) = (2t, t), we obtain respectively the Friedmann, Raychaudhuri and
Klein–Gordon equations:
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24ȧ3ϕ̇ f ′(ϕ)
a3 − 24(µ − 1)ȧ3 f (ϕ)

ta3 − 3ȧ(tȧ − µa + a)
ta2 + V(ϕ) +

1
2

ϕ̇2 = 0, (8)

−2ä
a
+

8ȧ2ϕ̇2 f ′′(ϕ)
a2 +

ȧ[2(µ − 1)a − tȧ]
ta2 + f ′(ϕ)

[
−16(µ − 1)ȧ2ϕ̇

ta2 +
8ȧ2ϕ̈

a2 +
16ȧäϕ̇

a2

]
+ f (ϕ)

[
8(µ − 2)(µ − 1)ȧ2

t2a2 − 16(µ − 1)ȧä
ta2

]
− (µ − 2)(µ − 1)

t2 + V(ϕ)− 1
2

ϕ̇2 = 0, (9)

−3ȧϕ̇

a
− 24ȧ2 ä f ′(ϕ)

a3 +
(µ − 1)ϕ̇

t
− V′(ϕ)− ϕ̈ = 0. (10)

Substituting H = ȧ/a (with N ≡ 1) in (8)–(10), we have

24H3ϕ̇ f ′(ϕ)− 24(µ − 1)H3 f (ϕ)
t

+
3(µ − 1)H

t
− 3H2 + V(ϕ) +

1
2

ϕ̇2 = 0, (11)

8H2ϕ̇2 f ′′(ϕ) + f ′(ϕ)
[

16HḢϕ̇ + H2
(

8ϕ̈ − 16(µ − 1)ϕ̇
t

)
+ 16H3ϕ̇

]
+ f (ϕ)

[
−16(µ − 1)HḢ

t
+

8(µ − 2)(µ − 1)H2

t2 − 16(µ − 1)H3

t

]
−2Ḣ +

2(µ − 1)H
t

− 3H2 − (µ − 2)(µ − 1)
t2 + V(ϕ)− 1

2
ϕ̇2 = 0, (12)

−24H2Ḣ f ′(ϕ)− 24H4 f ′(ϕ) +
(−3tH + µ − 1)ϕ̇

t
− V′(ϕ)− ϕ̈ = 0. (13)

By solving the system (11)–(13) for V(ϕ), ϕ̈ and Ḣ, we obtain the following equations:

V(ϕ) =
(3 − 3µ)H

t
+ 3H2 +

24(−1 + µ) f (ϕ)H3

t
− 24H3 f ′(ϕ)ϕ̇ − 1

2
ϕ̇2, (14)

ϕ̈ ={
12t(−1 + µ)H3 f ′(ϕ) + t

[
−tV′(ϕ) + (−1 + µ)ϕ̇

]
+ 288tH5 f ′(ϕ)

[
(1 − µ) f (ϕ)+t f ′(ϕ)ϕ̇

]
+ 12H2

[
−2t(−1 + µ) f (ϕ)ϕ̇ + f ′(ϕ)

(
2 − 3µ + µ2 + 3t2ϕ̇2

)]
+

H
[
−8(−1 + µ) f (ϕ)

(
tV′(ϕ)− (−1 + µ)ϕ̇

)
+ tϕ̇

(
−3t + 8 f ′(ϕ)

(
tV′(ϕ)− (−1 + µ)ϕ̇

))]
−24H4 f ′(ϕ)

[
4(−2 + µ)(−1 + µ) f (ϕ) + t

(
t + 4ϕ̇

(
−2(−1 + µ) f ′(ϕ) + tϕ̇ f ′′(ϕ)

))]}/
{

t
[
t + 8H

(
(−1 + µ) f (ϕ) + t f ′(ϕ)

(
12H3 f ′(ϕ)− ϕ̇

))]}
, (15)

Ḣ =

−
{[

2 − 3µ + µ2 + t(−1 + µ)H + 192t2H6 f ′(ϕ)2 + t2ϕ̇2 + 8tH3((1 − µ) f (ϕ)+4t f ′(ϕ)ϕ̇
)

−8H2
(
(−2 + µ)(−1 + µ) f (ϕ) + t

(
f ′(ϕ)

(
−tV′(ϕ)− (−1 + µ)ϕ̇

)
+ tϕ̇2 f ′′(ϕ)

))]/
[
2t
(

t + 8H
(
(−1 + µ) f (ϕ) + t f ′(ϕ)

(
12H3 f ′(ϕ)− ϕ̇

)))]}
. (16)

We now impose that the time derivative of Friedmann Equation (11) is zero under the
hypothesis that µ ̸= 1 (for µ = 1 is trivial); that is,

d
dt

[
24H3ϕ̇ f ′(ϕ)− 24(µ − 1)H3 f (ϕ)

t
+

3(µ − 1)H
t

− 3H2 + V(ϕ) +
1
2

ϕ̇2
]
= 0. (17)

Computing the time derivative and replacing V(ϕ), ϕ̈ and Ḣ given by (14)–(16) into (17),
we obtain
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0 =

{
3(−2 + µ)(−1 + µ) + t2ϕ̇2 − 4608tH7 f ′(ϕ)2[−((−3 + µ) f (ϕ)) + t f ′(ϕ)ϕ̇

]
+ 48tH3[−((1 + µ) f (ϕ)) + 2t f ′(ϕ)ϕ̇

]
+ tH

[
15 − 3µ − 16(−1 + µ) f (ϕ)ϕ̇2 + 16t f ′(ϕ)ϕ̇3

]
− 576tH5

[
−
(
(−1 + µ) f (ϕ)2

)
+ (−3 + µ) f ′(ϕ)2 + 2t f (ϕ) f ′(ϕ)ϕ̇

]
− 48H4

[
− 4(−1 + µ)(−8 + 3µ) f (ϕ)2 − 4t2 f ′(ϕ)2ϕ̇2

+ t f (ϕ)
(
−t + 4 f ′(ϕ)

(
tV′(ϕ) + (−9 + 5µ)ϕ̇

)
− 4tϕ̇2 f ′′(ϕ)

)]
− 6H2

(
4 f (ϕ)

(
10−14µ + 4µ2 + t2ϕ̇2

)
+ t
(

t−4 f ′(ϕ)
(
tV′(ϕ) + (−7 + 3µ)ϕ̇

)
+4tϕ̇2 f ′′(ϕ)

))}/
{

2t2
(

t + 8H
(
(−1 + µ) f (ϕ) + t f ′(ϕ)

(
12H3 f ′(ϕ)− ϕ̇

)))}
. (18)

We introduce the auxiliary field
ψ = f (ϕ). (19)

Moreover, we calculate the successive derivatives using the chain rule:

ψ̇ =
d
dt

f (ϕ) = f ′(ϕ)ϕ̇, ψ̈ = f ′′(ϕ)ϕ̇2 + f ′(ϕ)ϕ̈ = f ′′(ϕ)ϕ̇2 +
ψ̇

ϕ̇
ϕ̈. (20)

In this way, we obtain

f ′(ϕ) =
ψ̇

ϕ̇
, f ′′(ϕ) =

1
ϕ̇2

(
ψ̈ − ψ̇

ϕ̇
ϕ̈

)
. (21)

Replacing the expression (21) into (14)–(16) and (18), then solving the resulting system for
ϕ̈, ψ̈, Ḣ and V(ϕ), it turns out that

ϕ̈ =

24(µ−3)H3ψ̇
ϕ̇

+ (µ − 1)ϕ̇

t
+

192H5ψ̇2

(1 − 8H2ψ)ϕ̇
+ ϕ̇

(
8H2ψ̇

1 − 8H2ψ
− 3H

)
− V′(ϕ), (22)

ψ̈ =
(µ − 1)

[
µ−2
H2 + 8(8 − 3µ)ψ

]
8t2

+
2ψ̇
(

µ−1
8H2ψ−1 + 3µ − 5

)
− 3(µ − 1)Hψ + 2(µ−1)ψϕ̇2

3H(8H2ψ−1) −
µ−5
8H

t

+
16H2ψ̇2

1 − 8H2ψ
+ H

(
2

8H2ψ − 1
+ 3
)

ψ̇ + ϕ̇2

 2ψ̇

3H − 24H3ψ
+

2
8H2ψ−1 + 3

24H2

− 1
4

, (23)

Ḣ = − (µ − 3)H
t

+
8H3ψ̇

8H2ψ − 1
+

ϕ̇2

24H2ψ − 3
− H2, (24)

V(ϕ) =
3(µ − 1)H

(
8H2ψ − 1

)
t

− 24H3ψ̇ + 3H2 − 1
2

ϕ̇2. (25)

From Equation (25), we define the effective energy densities as follows:

ρϕ =
1
2

ϕ̇2 + V(ϕ), ρfracc =
3(µ − 1)

t
H, ρGB = 24H3ψ̇, ρGB, fracc = −24(µ − 1)

t
H3ψ, (26)
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such that (11) is reduced to

3H2 = ρϕ + ρfracc + ρGB + ρGB, fracc. (27)

3. Exact Scaling Solutions

We can find an analytical solution to the system by considering

H =
2
m

t−p, (28)

ψ = F0tq, (29)

ϕ =
2 ln(t)

λ
, λ ̸= 0, (30)

where m, F0, p, q and λ are constants.
Then, Equations (22)–(25) are written as

64F0(q − µ)tq + 2µm2t2p

λt2
(
m2t2p − 32F0tq

) − 96F0λq(−µ + q + 3)tq−3p−1

m3 +
3λmq2tp−1

m2t2p − 32F0tq

−
3t−p−1(λ2q2 + 4

)
λm

− V′
(

ln
(

t2/λ
))

= 0, (31)

m4[3λ2(µ − 2)(µ − 1) + 4
]
t4p−2

96λ2
(
m2t2p − 32F0tq

) − 1
4

+
32F2

0
[
−11µ + 3

(
µ2 − 2µq + q(q + 3)

)
+ 8
]
t2q−2

m2t2p − 32F0tq

−
F0m2t2p+q−2[λ2(−2µ + q + 2)(−2µ + q + 5) + 4

]
λ2
(
m2t2p − 32F0tq

) +
4F0m3(−µ + q + 1)t3p+q−3

3λ2
(
m2t2p − 32F0tq

)
+

1
16

mtp−1
(
− 64F0qtq

m2t2p − 32F0tq − µ + 5
)
+

6F0(−µ + q + 1)tq−p−1

m
= 0, (32)

4

3λ2t2
(

32F0tq−2p

m2 − 1
) +

2t−p−1(−µ + p + q + 3)
m

− 2mqtp−1

m2t2p − 32F0tq − 4t−2p

m2 = 0, (33)

6t−3p−1[32F0(µ − q − 1)tq − (µ − 1)m2t2p]
m3 +

12t−2p

m2 − V
(

ln
(

t2/λ
))

− 2
λ2t2 = 0. (34)

By comparing the coefficients of t in the last equation, we have, by dimensional analysis, that

q = 2p, −2p = −2 =⇒ p = 1, q = 2. (35)

Then, for p = 1 and q = 2, and assuming m2 − 32F0 ̸= 0, m ̸= 0 and λ ̸= 0 we have

6144F2
0 λ2(µ − 5) + 64F0m2

[
−3λ2(µ − 3) + (µ − 2)m − 6

]
+λm3t2

(
m2 − 32F0

)
V′
(

ln
(

t2/λ
))

− 2m4(µm − 6) = 0, (36)

3072F2
0 λ2[6(µ − 3) + (µ(3µ − 23) + 38)m]

−64F0m
[
−12λ2 + 2(µ − 3)m3 + m2

(
3λ2(µ − 2)(2µ − 7) + 6

)
+ 6λ2µm

]
+m3

[
−24λ2 + m2

(
3λ2(µ − 2)(µ − 1) + 4

)
− 6λ2(µ − 5)m

]
= 0, (37)

192F0λ2 + 96F0λ2(µ − 6)m − 2m4 − 3λ2(µ − 4)m3 − 6λ2m2 = 0, (38)

−
2
[
−96F0λ2(µ − 3) + m3 + 3λ2(µ − 1)m2 − 6λ2m

]
λ2m3t2 − V

(
ln
(

t2/λ
))

= 0. (39)
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Equation (39) allows us to reconstruct the GB coupling and scalar field potentials, which
replicate scaling behaviors.

In our scenario, say we acquire the exponential potential

V(ϕ) =
2e−λϕ

[
96F0λ2(µ − 3)− m3 − 3λ2(µ − 1)m2 + 6λ2m

]
λ2m3 . (40)

Replacing the derivative of potential (40) in Equation (36), and assuming (µ − 6)m + 2 ̸= 0
and m ̸= 0, results in two independent equations:

F0 =
1
96

m2

[
2m
(
3λ2 + m

)
λ2((µ − 6)m + 2)

+ 3

]
, (41)

0 =
(

3λ2 + m
)[

m
(

3λ2(µ + 2)− 4µ + ((µ − 5)µ + 2)m + 30
)
− 6
(

3λ2 + 2
)]

. (42)

The first condition is the definition of F0. Hence, we have the two-parametric family of
solutions (recall λ = λ(m, µ)):

R(t) = −12(m − 4)
m2t2 =⇒︸ ︷︷ ︸

Using (30)

R(ϕ) = −12(m − 4)e−λϕ

m2 , (43)

G(t) = −192(m − 2)
m4t4 =⇒ G(ϕ) = −192(m − 2)e−2λϕ

m4 , (44)

H(t) =
2

mt
=⇒ H(ϕ) =

2
m

e−
λϕ
2 , (45)

ψ(t) =
1

96
m2t2

[
2m
(
3λ2 + m

)
λ2[(µ − 6)m + 2]

+ 3

]

=⇒ f (ϕ) =
1
96

m2eλϕ

[
2m
(
3λ2 + m

)
λ2[(µ − 6)m + 2]

+ 3

]
, (46)

V(t) =
2
[
12λ2 + µm3 + 2

(
9λ2 − 1

)
m2 + 6λ2(µ − 8)m

]
λ2m2t2[(µ − 6)m + 2]

(47)

=⇒ V(ϕ) =
2e−λϕ

[
12λ2 + µm3 + 2

(
9λ2 − 1

)
m2 + 6λ2(µ − 8)m

]
λ2m2[(µ − 6)m + 2]

. (48)

Replacing the derivative of potential (40) in Equation (36), we obtain the conditions on
the parameters

6144F2
0 λ2(µ − 4) + 32F0m

[
6λ2 + m

(
3λ2(7 − 3µ) + (µ − 3)m − 6

)]
+m3

[
m
(

3λ2(µ − 1)− µm + m + 6
)
− 6λ2

]
= 0, (49)

together with (37) and (38). Reducing the conditions and assuming (µ − 6)m + 2 ̸= 0 and
m ̸= 0, we obtain the cases

1. For 0 < µ ≤ 1
2

(
5 −

√
17
)

and 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 6

µ+2 ,

λ = 1
3

√
36−3m[−4µ+((µ−5)µ+2)m+30]

(µ+2)m−6 and F0 = m2(m(−4µ+(µ−2)(µ−1)m+18)−12)
32(m(−4µ+((µ−5)µ+2)m+30)−12) . For

µ = 1
2

(
5 −

√
17
)

and 1
83

(
60 − 6

√
17
)
< m < 1

16

(
27 + 3

√
17
)

, λ = 2
3

√
3(10+

√
17)m−18

(
√

17−9)m+12

and F0 = −m2((
√

17−5)m2−2(4+
√

17)m+12)
64((10+

√
17)m−6)

.
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2. For 1
2

(
5 −

√
17
)
< µ ≤ 4 and m > 2µ−15

µ2−5µ+2 −
√

16µ2−120µ+249
(µ2−5µ+2)2 we have

λ =

√
36−3m[−4µ+((µ−5)µ+2)m+30]

3
√

(µ+2)m−6
and F0 = m2(m(−4µ+(µ−2)(µ−1)m+18)−12)

32(m(−4µ+((µ−5)µ+2)m+30)−12) .

3. For 4 < µ ≤ 1
2

(
5 +

√
17
)

and 6
µ+2 < m < 2µ−15

µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 we have

λ =

√
36−3m[−4µ+((µ−5)µ+2)m+30]

3
√

(µ+2)m−6
and F0 = m2(m(−4µ+(µ−2)(µ−1)m+18)−12)

32(m(−4µ+((µ−5)µ+2)m+30)−12) . For

µ = 1
2

(
5 +

√
17
)

and 1
16

(
27 − 3

√
17
)
< m < 1

83

(
60 + 6

√
17
)

we have

λ = 2
√

(
√

17−10)m+6

3(9+
√

17)m−36
and F0 =

m2(12−m((5+
√

17)m−2
√

17+8))
64((

√
17−10)m+6)

.

4. For 4 < µ < 1
2

(
5 +

√
17
)

and m > 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 we have

λ =

√
36−3m[−4µ+((µ−5)µ+2)m+30]

3
√

(µ+2)m−6
and F0 = m2(m(−4µ+(µ−2)(µ−1)m+18)−12)

32(m(−4µ+((µ−5)µ+2)m+30)−12) .

5. For µ > 1
2

(
5 +

√
17
)

and 6
µ+2 < m < 2µ−15

µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 we have

λ = 1
3

√
36−3m[−4µ+((µ−5)µ+2)m+30]

(µ+2)m−6 and F0 = m2(m(−4µ+(µ−2)(µ−1)m+18)−12)
32(m(−4µ+((µ−5)µ+2)m+30)−12) .

In Figure 1, we see the allowed regions for the parameters µ and m.

Figure 1. Allowed regions for the parameters µ and m. The red star represents the point in the
parameter space with the best-fit values of µ and m according to the analysis in Section 5.

Replacing the ansatz

H =
2

mt
, m ̸= 6

µ
, (50)

in Equations (22)–(25), we obtain

ϕ̈ = −
6(m − 2)[(µ − 4)m + 2]

(
m2t2 − 32ψ

)
m5t5ϕ̇

+
[(µ − 2)m − 4]ϕ̇

mt
− V′(ϕ(t)), (51)

ψ̈ =
[m(µ((µ − 7)m + 4)− 6) + 4]ψ

m2t2

+
1

96

[
m2t2(2 − µm)ϕ̇2 + 3m(−4µ + (2 − (µ − 5)µ)m + 2)− 12

]
, (52)

ψ̇ =
[(µ − 4)m + 2]ψ

mt
− 1

192
mt
[
m2t2ϕ̇2 + 6(µ − 4)m + 12

]
, (53)

V(ϕ) =
6(4 − 3m)m2t2 + 192(3m − 2)ψ

m4t4 +
1
2

ϕ̇2. (54)
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To investigate the stability of the solution (30) and (45)–(47), we specify the potential (48),
obtaining the equations

ϕ̈ =
192λ(3m − 2)ψ

m4t4 +
6λ(4 − 3m)

m2t2 +

192(m−2)[(µ−4)m+2]ψ
m5t5 − 6(m−2)[(µ−4)m+2]

m3t3

ϕ̇

+
[(µ − 2)m − 4]ϕ̇

mt
+

1
2

λϕ̇2, (55)

ψ̈ =
[m(µ((µ − 7)m + 4)− 6) + 4]ψ

m2t2

+
1

96

[
m2t2(2 − µm)ϕ̇2 + 3m(−4µ + (2 − (µ − 5)µ)m + 2)− 12

]
, (56)

ψ̇ =
[(µ − 4)m + 2]ψ

mt
− 1

192
mt
[
m2t2ϕ̇2 + 6(µ − 4)m + 12

]
. (57)

After reducing the quadratic term ϕ̇2/2 using the last equation, we obtain

ϕ̈ = −96λψ̇

m3t3 − 6(m − 2)[(µ − 4)m + 2]
m3t3ϕ̇

− 3λ[(µ + 2)m − 6]
m2t2

+ ψ

[
192(m − 2)[(µ − 4)m + 2]

m5t5ϕ̇
+

96λ[(µ + 2)m − 2]
m4t4

]
+

[(µ − 2)m − 4]ϕ̇
mt

, (58)

ψ̈ =
1

32
[m(−4µ + (µ − 2)(µ − 1)m + 18)− 12]

+
[m(µ(−µm + m + 4)− 22) + 12]ψ

m2t2 +
2
(
µ − 2

m
)
ψ̇

t
, (59)

ϕ̇2 =
192[(µ − 4)m + 2]ψ

m4t4 − 192ψ̇

m3t3 − 6[(µ − 4)m + 2]
m2t2 . (60)

Equation (60) defines ϕ̇, and we analyze (59), our equation of interest. The general solution
of (59) is

ψ(t) =
m2t2[m(−4µ + (µ − 2)(µ − 1)m + 18)− 12]
32[m(−4µ + ((µ − 5)µ + 2)m + 30)− 12]

+ c1t
2µm+m−4−

√
m(8µm+m−96)+64
2m + c2t

2µm+m−4+
√

m(8µm+m−96)+64
2m . (61)

Taking ψ(t) from (61), calculating its time derivative, ψ̇(t), and substituting in (60), ϕ(t) is
given through the quadrature

ϕ(t) = ±
∫ t

1

√
−6[m(µ − 4) + 2][m2η2 − 32ψ(η)]− 192mηψ′(η)

m2η2 dη + c3. (62)

4. Stability Analysis of the Exact Solution

Denoting

ψc(t) =
1
96

m2t2

(
2m
(
3λ2 + m

)
λ2[(µ − 6)m + 2]

+ 3

)
, (63)

ϕc(t) =
2 ln(t)

λ
. (64)

In this case, the evolution equation for ψ is decoupled.
Specializing the procedure in Appendix B to the system (59) and (60), we define

ε(τ) =
ψ(τ)

ψc(τ)
− 1. (65)
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Hence,

ψ̈(t) =
m2e2τ

[
6λ2 + 2m2 + 3λ2(µ − 4)m

]
[ε′′(τ) + 3ε′(τ) + 2ε(τ) + 2]

96λ2t2[(µ − 6)m + 2]
, (66)

ψ̇(t) =
m2e2τ

[
6λ2 + 2m2 + 3λ2(µ − 4)m

]
[ε′(τ) + 2ε(τ) + 2]

96λ2t[(µ − 6)m + 2]
, (67)

ψ(t) =
m2e2τ [ε(τ) + 1]

[
6λ2 + 2m2 + 3λ2(µ − 4)m

]
96λ2[(µ − 6)m + 2]

. (68)

Combining with Equation (59), we obtain

ε′′(τ) =
36λ2 − 2m

[
3λ2(µ + 2)− 4µ + ((µ − 5)µ + 2)m + 30

]
+ 24

6λ2 + 2m2 + 3λ2(µ − 4)m︸ ︷︷ ︸
=0 by (42)

+
[12 − m(−4µ + ((µ − 5)µ + 2)m + 30)]

m2 ε(τ) +

(
2µ − 4

m
− 3
)

ε′(τ), (69)

where using the relation (42), the first term is zero. Defining v(τ) = ε′(τ), we obtain the
linear dynamical system

ε′ = v, (70)

v′ =
[12 − m(−4µ + ((µ − 5)µ + 2)m + 30)]

m2 ε +

(
2µ − 4

m
− 3
)

v. (71)

4.1. Stability of the Scaling Solution

The scaling solution corresponds to the fixed point (ε, v) = (0, 0). The matrix of the
linear system is defined by

J(ε, v) =

(
0 1

12−m[−4µ+((µ−5)µ+2)m+30]
m2 2µ − 4

m − 3

)
. (72)

Evaluating the linear matrix around the fixed point (ε = 0, v = 0), we obtain the eigenvalues

λ1,2 =
1
2

(
2µ − 4

m
− 3 ±

√
m(8µm + m − 96) + 64

m2

)
. (73)

The origin is a sink for

1. 0 < µ < 1
2

(
5 −

√
17
)

, 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 < m ≤ 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 , or

2. 0 < µ < 1
2

(
5 −

√
17
)

, m ≥ 8
√
− 8µ−35

(8µ+1)2 +
48

8µ+1 , or

3. µ = 1
2

(
5 −

√
17
)

,− 6
−10−

√
17

< m ≤ 48
1+4(5−

√
17)

−
8
√

35−4(5−
√

17)
1+4(5−

√
17)

, or

4. µ = 1
2

(
5 −

√
17
)

, m ≥ 48
1+4(5−

√
17)

+
8
√

35−4(5−
√

17)
1+4(5−

√
17)

, or

5. 1
2

(
5−

√
17
)
< µ < 287+146

√
3

148+80
√

3
, 2µ−15

µ2−5µ+2 −
√

16µ2−120µ+249
(µ2−5µ+2)2 < m ≤ 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 ,

or

6. 1
2

(
5−

√
17
)
< µ < 287+146

√
3

148+80
√

3
, 8
√
− 8µ−35

(8µ+1)2 +
48

8µ+1 ≤ m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 ,

or

7. 287+146
√

3
148+80

√
3
≤ µ < 146

√
3−287

80
√

3−148
, 2µ−15

µ2−5µ+2 −
√

16µ2−120µ+249
(µ2−5µ+2)2 < m ≤ 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 .

The origin is a source for
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1. 287+146
√

3
148+80

√
3

< µ ≤ 146
√

3−287
80
√

3−148
, 8
√
− 8µ−35

(8µ+1)2 + 48
8µ+1 ≤ m < 2µ−15

µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 ,

or

2. 146
√

3−287
80
√

3−148
< µ < 35

8 , 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m ≤ 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 , or

3. 146
√

3−287
80
√

3−148
< µ < 35

8 , 8
√
− 8µ−35

(8µ+1)2 +
48

8µ+1 ≤ m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

4. 35
8 ≤ µ < 1

2

(
5 +

√
17
)

, 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 2µ−15

µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 ,

or
5. µ = 1

2

(
5 +

√
17
)

, m > − 6√
17−10

, or

6. µ > 1
2

(
5 +

√
17
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 .

The origin is a saddle for

1. 0 < µ < 1
2

(
5 −

√
17
)

, 0 < m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

2. µ = 1
2

(
5 −

√
17
)

, 0 < m < − 6
−10−

√
17

, or

3. 1
2

(
5 −

√
17
)
< µ < 1

2

(
5 +

√
17
)

, 0 < m < 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

4. 1
2

(
5 −

√
17
)
< µ < 1

2

(
5 +

√
17
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2

5. µ = 1
2

(
5 +

√
17
)

, 0 < m < − 6√
17−10

, or

6. µ > 1
2

(
5 +

√
17
)

, 0 < m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 .

In Figure 2, we can see the allowed regions for the parameters µ and m for the sink,
source, and saddle cases.

Figure 2. Allowed regions by the parameters µ and m, for the sink, source, and saddle cases. The red
star represents the point in the parameter space with the best-fit values of µ and m according to the
analysis in Section 5.

Now, we will show the flow of system (70) and (71). In Figure 3, we show some phase
space diagrams for sink cases, in Figure 4 the source cases, and in Figure 5, the saddle cases.
We used specific numerical values of m and µ representing the regions depicted in Figure 2.
These values are chosen to meet the specified constraints. These regions are then utilized to
determine the priors for the Bayesian analysis carried out in Section 5, where we calculate
the best-fit parameters at the 1σ confidence level (CL) using the affine-invariant Markov
chain Monte Carlo (MCMC) method [96], which is implemented in the Python code emcee
version 3.1.6 [97].
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Figure 3. Flow of system (70) and (71) for the sink cases. The streamlines are colored by default ac-
cording to the magnitude of the vector field, with the arrow pointing in the time-increasing direction.
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Figure 4. Flow of system (70) and (71) for the source cases. The streamlines are colored by default ac-
cording to the magnitude of the vector field, with the arrow pointing in the time-increasing direction.



Fractal Fract. 2024, 8, 626 15 of 40

Figure 5. Flow of system (70) and (71) for the saddle cases. The streamlines are colored by default ac-
cording to the magnitude of the vector field, with the arrow pointing in the time-increasing direction.

This approach offers the main advantages of combining dynamical systems analysis
and observational testing, as it allows for using priors from the former analysis to inform
the latter, aligning with the anticipated late-time behavior in a cosmological model.

4.2. Dynamics at Infinity

To investigate the late-time dynamics of system (70) and (71) at infinity, we define the
following variables:

X =
ε√

1 + ε2 + v2
, Y =

v√
1 + ε2 + v2

. (74)

Hence, we obtain the system
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dX
dτ

=
Y

m2

[
m(mX((µ − 5)µX + X + (3 − 2µ)Y) + m + 2X((15 − 2µ)X + 2Y))− 12X2

]
, (75)

dY
dτ

= − 1
m2

[
X
(

m2
(
(µ − 5)µ −

(
((µ − 5)µ + 1)Y2

)
+ 2
)

+2(2µ − 15)m
(

Y2 − 1
)
+ 12

(
Y2 − 1

))
+ mY

(
Y2 − 1

)
((2µ − 3)m − 4)

]
, (76)

defined in the compact set {(X, Y) ∈ R2 : X2 + Y2 ≤ 1}.
There are five total equilibrium points for the system (75) and (76). However, the

existence conditions for each point and their respective eigenvalues depend on both µ and
m; therefore, the analysis is not trivial. The stationary points in the coordinates (X, Y) are

1. A = (0, 0), with eigenvalues (73). The stability analysis is the same as in the previous
finite regime.

2. B, C =

(
± k2m(k1+(2µ−3)m−4)√

k[2m(−4µ+((µ−5)µ+2)m+30)−24]
,± k2√

k

)
are antipodal points, where

k = 2
(

µ4 − 10µ3 + 31µ2 − 22µ + 10
)

m4 (77)

− 8
(

2µ3 − 25µ2 + 81µ − 21
)

m3 − 8
(

2µ2 + 30µ − 223
)

m2 + 96(2µ − 15)m + 288,

k1 =
√

m(8µm + m − 96) + 64, (78)

k2 =

√√√√√ m3(3(k1 + 68)− 2µ(k1 + 4µ(2µ − 25) + 320))
+4m2(k1 − 4µ(µ + 15) + 436) + (2(µ − 1)µ((µ − 9)µ + 21) + 13)m4

+96(2µ − 15)m + 288
. (79)

These points exist for the following intervals

(1) µ = 1
2

(
5 −

√
17
)

, 0 ≤ m < 1
83

(
60 − 6

√
17
)

, or

(2) µ = 1
2

(
5 −

√
17
)

, 1
83

(
60 − 6

√
17
)
< m < 8

√
15+4

√
17−48

4
√

17−21
, or

(3) µ = 1
2

(
5 −

√
17
)

, m > −48−8
√

15+4
√

17
4
√

17−21
, or

(4) 35
8 < µ < 1

2

(
5 +

√
17
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(5) 1
4

(
11 − 2

√
3
)
< µ < 1

4

(
11 + 2

√
3
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(6) 1
2

(
5 −

√
17
)
< µ < 1

4

(
11 − 2

√
3
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(7) µ > 1
2

(
5 +

√
17
)

, m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(8) 1
4

(
11 + 2

√
3
)
< µ ≤ 35

8 , m > 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(9) m =
8
(√

13+4
√

3−6
)

4
√

3−23
, µ = 1

4

(
11 − 2

√
3
)

, or

(10) µ = 1
4

(
11 − 2

√
3
)

, 0 ≤ m < 152+16
√

3−32
√

13+4
√

3
55+4

√
3

, or

(11) µ = 1
4

(
11 − 2

√
3
)

, 152+16
√

3−32
√

13+4
√

3
55+4

√
3

< m < 8
√

13+4
√

3−48
4
√

3−23
, or

(12) µ = 1
4

(
11 − 2

√
3
)

, m > −48−8
√

13+4
√

3
4
√

3−23
, or

(13) m =
8
(

6+
√

13−4
√

3
)

23+4
√

3
, µ = 1

4

(
11 + 2

√
3
)

, or

(14) µ = 1
4

(
11 + 2

√
3
)

, 0 ≤ m < 48−8
√

13−4
√

3
23+4

√
3

, or
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(15) µ = 1
4

(
11 + 2

√
3
)

, 48+8
√

13−4
√

3
23+4

√
3

< m < −152+16
√

3−32
√

13−4
√

3
4
√

3−55
, or

(16) µ = 1
4

(
11 + 2

√
3
)

, m > −152+16
√

3−32
√

13−4
√

3
4
√

3−55
, or

(17) µ = 1
2

(
5 +

√
17
)

, 0 ≤ m < − 6√
17−10

, or

(18) µ = 1
2

(
5 +

√
17
)

, m > − 6√
17−10

, or

(19) µ = 35
8 , m = 4

3 , or

(20) µ > 1
2

(
5 +

√
17
)

, 0 ≤ m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(21) 0 ≤ µ < 1
2

(
5 −

√
17
)

, 0 ≤ m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(22) 1
4

(
11 + 2

√
3
)
< µ ≤ 35

8 , 0 ≤ m < 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(23) 35
8 < µ < 1

2

(
5 +

√
17
)

, 0 ≤ m < 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(24) 1
2

(
5 −

√
17
)
< µ < 1

4

(
11 − 2

√
3
)

, 0 ≤ m < 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(25) 1
4

(
11 − 2

√
3
)
< µ < 1

4

(
11 + 2

√
3
)

, 0 ≤ m < 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(26) 0 ≤ µ < 1
4

(
11 − 2

√
3
)

, m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
+48

8µ+1 , or

(27) 0 ≤ µ < 1
4

(
11 − 2

√
3
)

, m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
−48

−8µ−1 , or

(28) 0 ≤ µ < 1
2

(
5 −

√
17
)

, 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 , or

(29) 0 ≤ µ < 1
2

(
5 −

√
17
)

, m > 8
√
− 8µ−35

(8µ+1)2 +
48

8µ+1 , or

(30) 1
4

(
11 + 2

√
3
)
< µ < 35

8 , m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
+48

8µ+1 , or

(31) 1
4

(
11 + 2

√
3
)
< µ < 35

8 , m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
−48

−8µ−1 , or

(32) 1
4

(
11 + 2

√
3
)
< µ ≤ 35

8 , 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 48

8µ+1 − 8
√
− 8µ−35

(8µ+1)2 , or

(33) 1
4

(
11 + 2

√
3
)
< µ < 35

8 , 8
√
− 8µ−35

(8µ+1)2 +
48

8µ+1 < m < 2µ−15
µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(34) 1
4

(
11 − 2

√
3
)
< µ < 1

4

(
11 + 2

√
3
)

, m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
+48

8µ+1 , or

(35) 1
4

(
11 − 2

√
3
)
< µ < 1

4

(
11 + 2

√
3
)

, m =
−64

√
35−8µ

(8µ+1)2
µ−8

√
35−8µ

(8µ+1)2
−48

−8µ−1 , or

(36) 1
4

(
11 − 2

√
3
)

< µ < 1
4

(
11 + 2

√
3
)

, 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 48

8µ+1 −

8
√
− 8µ−35

(8µ+1)2 , or

(37) 1
4

(
11 − 2

√
3
)

< µ < 1
4

(
11 + 2

√
3
)

, 8
√
− 8µ−35

(8µ+1)2 + 48
8µ+1 < m < 2µ−15

µ2−5µ+2 +√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(38) 1
2

(
5 −

√
17
)

< µ < 1
4

(
11 − 2

√
3
)

, 2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 48

8µ+1 −

8
√
− 8µ−35

(8µ+1)2 , or
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(39) 1
2

(
5 −

√
17
)

< µ < 1
4

(
11 − 2

√
3
)

, 8
√
− 8µ−35

(8µ+1)2 + 48
8µ+1 < m < 2µ−15

µ2−5µ+2 +√
16µ2−120µ+249
(µ2−5µ+2)2 , or

(40) 35
8 < µ < 1

2

(
5 +

√
17
)

,

2µ−15
µ2−5µ+2 −

√
16µ2−120µ+249
(µ2−5µ+2)2 < m < 2µ−15

µ2−5µ+2 +

√
16µ2−120µ+249
(µ2−5µ+2)2 .

Recall that the flow in a neighborhood of antipodal points is topologically equivalent,
and it may be reversed [98], but in this case, both points share the same eigenvalues.
Therefore, the stability is the same for both B and C. We will write λ1(B, C) = f1(µ, m)
and λ2(B, C) = f2(µ, m) to represent their eigenvalues. Given that many existence
conditions and the eigenvalues depend on both free parameters, we will only consider
some cases to analyze the stability of B and C. In particular, if we only consider
the existence conditions for which the points are hyperbolic (most), we verify by
numerical inspection that the points can never be attractors. However, they can be
sources or saddles. When one parameter is fixed and the other free, the behavior is as
depicted in Figure 6. On the other hand, when both parameters are free, the behaviour
is as shown in Figure 7.

Figure 6. Real part of the eigenvalues for B and C for a fixed value of one of the parameters according

to the respective case. In cases (1) and (2) µ is fixed as µ = 1
2

(
5 −

√
17
)

while m moves in two

different intervals. In case (34), µ = 35
8 and 4

5 < m < 16. Both points behave as sources or saddles
whenever they exist and are hyperbolic.
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Figure 7. Real part of the eigenvalues for B and C where both of the parameters µ, m remain free in
some intervals. The cases depicted are cases (5), (37) and (38). Once again, as in Figure 6, both points
behave either as sources or saddles for every existence condition in which they are hyperbolic.
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3. D, E =

(
± k2m[−k1+(2µ−3)m−4]√

k[2m(−4µ+((µ−5)µ+2)m+30)−24]
, k2√

k

)
, where k and k1 are defined the same

as in (77) and (78) but

k2 =

√√√√√ m3[k1(2µ − 3)− 8µ(µ(2µ − 25) + 80) + 204]
−4m2[k1 + 4µ(µ + 15)− 436] + [2(µ − 1)µ((µ − 9)µ + 21) + 13]m4

+96(2µ − 15)m + 288
. (80)

As before, D and E are antipodal points, and once again, they share the same eigenvalues.
We will write them as γ1 = g1(µ, m) and γ2 = g2(µ, m). The conditions for D and E are the
same as the forty cases. However, D and E can be attractors or saddles in those intervals.
Additionally, numerical inspection in every interval shows that the points cannot be sources.
See Figures 8 and 9.

Figure 8. Real part of the eigenvalues for D and E for a fixed value of one of the parameters according

to the respective case. In cases (1) and (2), µ is fixed as µ = 1
2

(
5 −

√
17
)

while m moves in two

different intervals. In case (34), µ = 35
8 and 4

5 < m < 16. Both points behave as sinks or saddles
whenever they exist and are hyperbolic.
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Figure 9. Real part of the eigenvalues for D and E where both of the parameters µ, m remain free in
some intervals. The cases depicted are cases (5), (37) and (38). Once again, as in Figure 8, both points
behave as sinks or saddles whenever they exist and are hyperbolic.

From Figure 10, we have that B, C, D, and E do not exist for the best-fit values of µ
and m according to the analysis in Section 5.
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Figure 10. Existence region for points B, C, D and E. The red star represents the point in the parameter
space with the best-fit values of µ and m according to the analysis in Section 5.

Finally, we obtain the dynamics shown in Figure 11. Here, we observe that for
(µ = 1, m = 3) or (µ = 1, m = 4) or (µ = 2, m = 3), point A is an attractor. However,
for (µ = 2, m = 4), there are two complex eigenvalues with zero real parts, namely{
− i

√
3

2 , i
√

3
2

}
which means A is a center. Finally, for (µ = 3, m = 3), the point A is a source,

B and C are saddles and D and E are sinks. Finally for (µ = 3, m = 4), A is a saddle point,
B and C are sources and D and E are sinks.

Figure 11. Cont.
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Figure 11. Dynamics of system (75) and (76) in the compactified region X2 + Y2 ≤ 1 for different
values of the parameters µ and m. We observe that for (µ = 1, m = 3) or (µ = 1, m = 4) or
(µ = 2, m = 3), point A is an attractor. However, for (µ = 2, m = 4), there are two complex

eigenvalues with zero real parts, namely
{
− i

√
3

2 , i
√

3
2

}
which means A is a center. For (µ = 3, m = 3),

the point A is a source, B and C are saddles and D and E are sinks. Finally for (µ = 3, m = 4),
A is a saddle point, B and C are sources and D and E are sinks. The streamlines are colored
by default according to the magnitude of the vector field, with the arrow pointing in the time-
increasing direction.

5. Observational Constraints

In this section, we constrain the free parameters of the exact scaling solution obtained
for the exponential potential (see Section 3). To achieve this, we compute the best-fit
parameters at the 1σ confidence level (CL) using the affine-invariant Markov chain Monte
Carlo (MCMC) method [96], implemented in the pure Python code emcee version 3.1.6 [97].
This analysis incorporates data from SNe Ia, CC, GL, and BHS.

In our procedure, we consider 100 chains, or “walkers”, and use the autocorrelation
time τcorr provided by the emcee module as a convergence test. At every 50 steps, we
compute the value of τcorr for each free parameter. If the current step exceeds 50τcorr and
the value of τcorr changes by less than 1%, we conclude that the chains have converged
and stop the constraints. We discard the first 5τcorr steps as “burn-in” steps, thin the
chains by τcorr/2, and flatten them. For this MCMC analysis, we consider the following
Gaussian likelihood:

LI ∝ exp

(
−

χ2
I

2

)
, (81)

where χ2
I is the merit function. In particular, we consider the combinations of data sets χ2

SNe,
χ2

SNe+CC = χ2
SNe + χ2

CC, and χ2
joint = χ2

SNe + χ2
CC + χ2

GL + χ2
BHS. As initialization points, we

consider a small vicinity around the values that maximize the likelihood.
We begin by constructing the Hubble parameters that describe the exact scaling

solution in the following subsections. Next, we provide a brief overview of the merit
function for each data set included in the cosmological constraints. Finally, we present the
results along with a discussion of their implications.

5.1. Hubble Parameter for the Exponential Potential

To derive the theoretical Hubble parameter for the scaling solution associated with
the exponential potential, we substitute Equations (30), (46) and (47) into Equation (24).
This yields

Ḣ =
4
(
12c4λ2t3H3 + 1

)
3λ2t2(8c4t2H2 − 1)

− (µ − 3)H
t

− H2, (82)
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where

λ =
1
3

√
36 − 3m[−4µ + ((µ − 5)µ + 2)m + 30]

(µ + 2)m − 6
, c4 =

1
96

m2

[
2m
(
3λ2 + m

)
λ2[(µ − 6)m + 2]

+ 3

]
.

Hence, by introducing the logarithmic independent variable s = − ln(1 + z), for which
s → −∞ as z → ∞, s → 0 as z → 0, s → ∞ as z → −1, and defining the age parameter as
α = tH, we obtain the initial value problem

α′(s) =
2
[
16c4α(s) + 3λ2]

3λ2[8c4α(s)2 − 1]
− µ − 4

3λ2α(s)
− α(s) + 6, (83)

t′(s) =
t(s)
α(s)

, (84)

α(0) : = α0 = t0H0, t(0) = t0. (85)

The above system has the exact solution

α(s) =
2
m

, m ̸= 6
µ

, (86)

where α(0) := α0 = 2
m = t0H0 implies m = 2

α0
. So, integrating under the initial condition

t(0) = t0, we obtain t(s) = t0e
s

α0 , and, therefore

H(s) = α(s)t(s)−1 = H0e−
s

α0 =⇒ H(z) = H0(1 + z)
1

α0 . (87)

The deceleration parameter is given by q(z) = −1 + α−1
0 . Therefore, the Universe is

accelerated without invoking dark energy for α0 > 1.
Finally, from Equation (25), we have the effective matter sources:

Ωϕ : =
1
2 ϕ̇2 + V(ϕ)

3H2 = 1 − 2α0(3α0 − µ − 6) + 4(µ − 1)
α0[2α0µ + 3α0(α0 − 5)− µ2 + 5µ − 2]

, (88)

and

ΩX : = Ωfracc + ΩGB + ΩGB, fracc =
− 3(µ−1)H(8H2ψ−1)

t + 24H3ψ̇

3H2

=
2α0(3α0 − µ − 6) + 4(µ − 1)

α0[2µα0 + 3α0(α0 − 5)− µ2 + 5µ − 2]
, (89)

with
Ωϕ + ΩX = 1, (90)

where, for this scaling solution, the scalar field behaves as dark matter, say

Ωϕ = ΩDM, (91)

and the extra terms Ωfracc + ΩGB + ΩGB, fracc mimic dark energy ΩX .
To compare with the fractional cosmological model, we also constrain the ΛCDM

model, for which the corresponding theoretical Hubble parameter is given by

H = H0

√
Ωm,0(1 + z)3 + 1 − Ωm,0, (92)

whose corresponding parameter space is θ = (H0, Ωm,0).
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For this scaling solution (86), we have that Ωϕ and ΩX are constants. Therefore,

1 − 2α0(3α0 − µ − 6) + 4(µ − 1)
α0[2α0µ + 3α0(α0 − 5)− µ2 + 5µ − 2]

= Ωm,0. (93)

Hence, we have two solutions

µ± =
1

2α0(Ωm,0 − 1)

{
α0(2α0(Ωm,0 − 1) + 5Ωm,0 − 7) + 4

±

√√√√√ α0

[
α0

(
16α2

0(Ωm,0 − 1)2 − 8α0(5Ωm,0 − 7)(Ωm,0 − 1)

+Ωm,0(17Ωm,0 − 86) + 73
)
+ 8(3Ωm,0 − 5)

]
+ 16

}
. (94)

Therefore, we use a Bayesian analysis to obtain the best-fit values of Ωm,0 and α0 and
substitute in the previous expressions to obtain the physical values of µ.

5.2. Cosmic Chronometers

To constrain the model using cosmic chronometers, we utilize the data set from Ref. [99],
which comprises 31 data points spanning the redshift range 0.0708 ≤ z ≤ 1.965. These
Hubble data points are derived using the differential age method, a model-independent
approach [100]. Accordingly, the merit function for the CC data is formulated as

χ2
CC =

31

∑
i=1

[
Hi − Hth(zi, θ)

σH,i

]2

, (95)

where Hi represents the observational Hubble parameter at redshift zi, with an associated
error σH,i provided by the cosmic chronometer (CC) sample. The term Hth denotes the
theoretical Hubble parameter at the same redshift, while θ encompasses the free parameters
of the model.

Note that the same theoretical Hubble parameter gives both analytical solutions of
interest for the cosmological constraint, according to Equation (87), whose parameter
space is θ = (H0, α0). Therefore, we consider for our MCMC analysis the flat priors
0.55 < h < 0.85 and 0.5 < α0 < 2.5, where h is the reduced Hubble constant according to
the expression H0 = 100 km/s

Mpc h. We also constrain the ΛCDM model as a further comparison,
whose respective theoretical Hubble parameter is given by (92), whose respective parameter
space is θ = (H0, Ωm,0), for which we consider the same prior on h as in the fractional
cosmology, plus the flat prior 0 < Ωm,0 < 1.

5.3. Type Ia Supernovae

For the SNe Ia data, we consider the Pantheon+ sample [101], which consists of
1701 data points in the redshift range 0.001 ≤ z ≤ 2.26, whose respective merit function
can be conveniently constructed in matrix notation (denoted by bold symbols) as

χ2
SNe = ∆D(z, θ, M)†C−1∆D(z, θ, M), (96)

where [∆D(z, θ, M)]i = mB,i − M − µth(zi, θ) and C = Cstat + Csys, with C the total un-
certainty covariance matrix. The matrices Cstat and Csys account for the statistical and
systematic uncertainties, respectively. The quantity µi = mB,i − M corresponds to the
observational distance modulus of the Pantheon+ sample, which is obtained by a modified
version of Trip’s formula [102] and the BBC (BEAMS with Bias Corrections) approach [103].
In contrast, mB,i is the corrected apparent B-band magnitude of a fiducial SNe Ia at redshift
zi, and M is the fiducial magnitude of an SNe Ia, which must be jointly estimated with the
free parameters of the model under study.
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The theoretical distance modulus for a spatially flat FLRW spacetime is given by

µth(zi, θ) = 5 log10

[
dL(zi, θ)

Mpc

]
+ 25, (97)

with dL(zi, θ) as the luminosity distance given by

dL(zi, θ) = c(1 + zi)
∫ zi

0

dz′

Hth(z′, θ)
, (98)

where c is the speed of light given in units of km/s.
In principle, there is a degeneration between M and H0. Hence, to constrain H0 using

SNe Ia data alone, it is necessary to include the SH0ES (Supernovae and H0 for Equation of
State of the dark energy program) Cepheid host distance anchors, with a merit function of
the form

χ2
Cepheid = ∆DCepheid(M)†C−1∆DCepheid(M), (99)

where
[
∆DCepheid(M)

]
i
= µi(M)− µ

Cepheid
i , where µ

Cepheid
i is the Cepheid calibrated host

galaxy distance obtained by SH0ES [104]. So, we use the Cepheid distances as the “theory
model” to calibrate M, considering that the difference µi(M)− µ

Cepheid
i is sensitive to M

and largely insensitive to other parameters of the cosmological model. Taking into account
that the total uncertainty covariance matrix for Cepheid is contained in the total uncertainty
covariance matrix C, we define the merit function for the SNe Ia data as

χ2
SNe = ∆D′(z, θ, M)†C−1∆D′(z, θ, M), (100)

where

∆D′
i =


mB,i − M − µ

Cepheid
i i ∈ Cepheid host

mB,i − M − µth(zi, θ) otherwise
. (101)

For the nuisance parameter M, we consider the flat prior −20 < M < −18 in our MCMC
analysis.

5.4. Gravitational Lensing

Multiple images are produced when a background object (the source) is lensed due
to the gravitational force of a massive body (the lens). Therefore, the light rays emitted
from the source will take different paths through spacetime at different image positions
and arrive at the observer at different times. In this sense, the time delay of two different
images k and l depends on the mass distribution along the line of sight of the lensing object,
which can be calculated as follows:

∆tkl =
D∆t

c

[
(ϕk − β)2

2
− ψ(ϕk)−

(ϕl − β)2

2
+ ψ(ϕl)

]
, (102)

where ϕk and ϕl are the angular position of the images, β is the angular position of the
source, ψ(ϕk) and ψ(ϕl) are the lens potential at the image positions, and D∆t is the “time-
delay distance”, which is theoretically given by the expression [105]

Dth
∆t(z, θ) = (1 + zl)

dA,l(zl , θ)dA,s(zs, θ)

dA,ls(zls, θ)
, (103)

where the subscripts l, s, and ls stand for the lens, the source, and between the lens and the
source, respectively; z = (zl , zs, zls); and dA,j is the angular diameter distance, which can
be written in terms of the luminosity distance (98) as dL(zj, θ) = dA,j(1 + zj)

2 or



Fractal Fract. 2024, 8, 626 27 of 40

dA,j(zj, θ) =
c

(1 + zj)

∫ zj

0

dz′

Hth(z′, θ)
. (104)

In this paper, we consider the gravitational lensing compilation provided by the
H0LiCOW collaboration [106], which consists of six lensed quasars: B1608+656 [107], SDSS
1206+4332 [108], WFI2033-4723 [109], RXJ1131-1231, HE 0435-1223, and PG 1115-080 [110],
whose respective merit function can be written as

χ2
GL =

6

∑
i=1

[
D∆t,i − Dth

∆t(zi, θ)

σD∆t ,i

]2

, (105)

where D∆t,i is the observational time-delay distance of the lensed quasar at redshift
zi = (zl,i; zs,i; zls,i) with an associated error σD∆t ,i (for more details, see Ref. [106]). It is
important to note that, for z → 0, the angular diameter distance (104) tends to dA → cz/H0
and, therefore, the gravitational lensing data of the H0LiCOW collaboration is sensitive to
H0, with a weak dependency on other cosmological parameters.

5.5. Black Hole Shadows

Black Hole Shadow (BHS) data are of interest to study our local Universe since their
dynamic is quite simple and can be seen as standard rulers if the angular size redshift α,
the relation between the size of the shadow, and the mass of the supermassive black hole
that produces it are established [111]. In this paper, we are interested in two measures: the
first one was made on the M87* supermassive black hole by The Event Horizon Telescope
Collaboration [112] (the first detection of a BHS) and the second one corresponds to the
detection of Sagittarius A* (Sgr A*) [113].

Light rays curve around its event horizon in a black hole (BH), creating a ring with
a black spot center, the so-called shadow of the BH. The angular radius of the BHS for a
Schwarzschild (SH) BH at redshift zi is given by

αSH(zi, θ) =
3
√

3m
dA(zi, θ)

, (106)

where dA(zi, θ) is given by Equation (104) (note that the sub-index j is not necessary in this
case) and m = GMBH/c2 is the mass parameter of the BH, with MBH as the mass of the BH
in solar masses units and G as the gravitational constant.

It is common to write Equation (106) in terms of the shadow radius αSH(zi, θ) =
RSH/dA(zi, θ), where RSH = 3

√
3GMBH/c2 (the speed of light is given in units of m/s in

this case). Therefore, the merit function for the BHS data can be constructed as

χ2
BHS =

2

∑
i=1

[
αi − αSH(zi, θ)

σα,i

]2

, (107)

where αi is the observational angular radius of the BHS at redshift zi with an associated error
σα,i. It is important to note that for z → 0, the angular radius (106) tends to αSH → RSH H0/cz,
and, therefore, as well as in the gravitational lensing data, the BHS data are sensitive to H0,
with a weak dependency on other cosmological parameters. On the other hand, we divide
Equation (106) by a factor of 1.496× 1011 to obtain αSH in units of µas.

5.6. Results and Discussion

In Table 1, we present the total number of steps and the correlation time for the free
parameter space of the ΛCDM and the fractional cosmology. In Table 2, we present their
respective best-fit values at the 1σ CL and χ2

min criteria. In Figures 12 and 13, we depict
the posterior 1D distribution and joint marginalized regions of the free parameter space
of the ΛCDM and fractional cosmologies at 1σ (68.3%), 2σ (95.5%), and 3σ (99.7%) CL,
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respectively. These results were obtained by the MCMC analysis described in Section 5 for
the SNe Ia, SNe Ia+CC, and SNe Ia+CC+GL+BHS (joint) data.

Table 1. Total number of steps and autocorrelation time τcorr for the free parameter space of the
ΛCDM and the fractional cosmology, respectively. These values were obtained when the convergence
test described in Section 5 is fulfilled for an MCMC analysis with 100 chains and the flat priors
0.55 < h < 0.85, 0 < Ωm,0 < 1, 0.5 < α0 < 2.5, and −20 < M < −18. This information is provided
so that our results are replicable.

Data Total Steps
τcorr

h Ωm,0 α0 M

ΛCDM cosmology
SNe Ia 1250 24.3 22.7 · · · 24.3

SNe Ia+CC 1300 25.2 24.3 · · · 25.0
joint 1350 23.4 24.6 · · · 23.6

Fractional cosmology
SNe Ia 1300 24.5 · · · 25.0 24.6

SNe Ia+CC 1600 25.0 · · · 26.3 25.5
joint 1350 24.8 · · · 23.0 24.3

0.70 0.75
h

19.35
19.30
19.25
19.20

M

0.27
0.30
0.33
0.36
0.39

m
,0

0.30 0.35
m, 0

19.3 19.2
M

SNe Ia
SNe Ia+CC
SNe Ia+CC+GL+BHS

Figure 12. Posterior 1D distribution and joint marginalized regions of the free parameter space of the
ΛCDM cosmology for the SNe Ia, SNe Ia+CC, and SNe Ia+CC+GL+BHS (joint) data. The admissible
joint regions correspond to 1σ, 2σ, and 3σ CL, respectively. The best-fit values for each model’s free
parameter are shown in Table 2.
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Table 2. Best-fit values and χ2
min criteria of the ΛCDM and the fractional cosmology respectively, for

the SNe Ia, SNe Ia+CC, and SNe Ia+CC+GL+BHS (joint) data. The uncertainties presented correspond
to 1σ CL.

Data
Best-Fit Values

χ2
minh Ωm,0 α0 M

ΛCDM cosmology
SNe Ia 0.734 ± 0.010 0.333 ± 0.018 · · · −19.25 ± 0.03 1523

SNe Ia+CC 0.719 ± 0.009 0.314 ± 0.016 · · · −19.30 ± 0.03 1547
Joint 0.724 ± 0.008 0.311 ± 0.016 · · · −19.28 ± 0.02 1681

Fractional cosmology
SNe Ia 0.729 ± 0.010 · · · 1.41 ± 0.06 −19.25 ± 0.03 1532

SNe Ia+CC 0.717 ± 0.009 · · · 1.39 ± 0.05 −19.28 ± 0.02 1564
Joint 0.712 ± 0.007 · · · 1.38 ± 0.05 −19.29 ± 0.02 1706

0.70 0.75
h

19.35
19.30
19.25
19.20
19.15

M

1.3

1.4

1.5

1.6

0

1.3 1.4 1.5 1.6
0

19.3 19.2
M

SNe Ia
SNe Ia+CC
SNe Ia+CC+GL+BHS

Figure 13. Posterior 1D distribution and joint marginalized regions of the free parameter space
of the fractional cosmology for the SNe Ia, SNe Ia+CC, and SNe Ia+CC+GL+BHS (joint) data. The
admissible joint regions correspond to 1σ, 2σ, and 3σ CL, respectively. The best-fit values for each
model free parameter are shown in Table 2.

In Table 2, we can see that the ΛCDM model exhibits lower values of the χ2
min criteria

compared to the scaling solution explored in this paper. However, it is essential to note that
this solution does not fully represent the behavior of the fractional cosmology studied in
this paper. It only provides an approximate solution to the complete picture. Therefore, the
constraint presented in the table offers insights into the ability of this fractional cosmology
to describe the observed Universe. An explanation of this behavior can be seen in Figure 14,
where we depict the Hubble parameter for the ΛCDM cosmology and the fractional
cosmology for the exponential potential as a function of the redshift z. The figure shows
that the solution can only mimic the ΛCDM model at a redshift z < 0.5. The solutions
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are moving away from this point, with the differences being greater when the redshift
increases.

0.51.01.52.0
z

50

100

150

200

250

H
(z

) (km
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M
pc

)

CDM
±1
Model
±1
CC

Figure 14. Theoretical Hubble parameter for the ΛCDM cosmology (red dashed line) and the
fractional cosmology for the exponential potential (solid blue line) as a function of the redshift z,
contrasted with the CC sample. The shaded curve represents the confidence regions of the Hubble
parameter at a 1σ CL. The figure was obtained using the chains of the MCMC procedure described in
Section 5 for the joint analysis.

To reconstruct the other parameters that characterized the solution, we use the chains
obtained in our MCMC analysis described in Section 5 for the fractional cosmology in
the case of the joint analysis. Following this line, considering that α = 2/m, we obtain at
1σ CL the value m = 1.44 ± 0.05. Also, considering that α0 = t0H0, we obtain at 1σ CL
the value t0 = 19.0 ± 0.7 [Gyr]. On the other hand, to infer the value of µ for the scaling
solution obtained for the exponential potential, we also consider the chains obtained in
our MCMC analysis described in Section 5 for the ΛCDM model in the case of the joint
analysis. Therefore, from Equation (88), we obtain the approximated values µ = 1.48 ± 0.17
and µ = 4.974 ± 0.10.

Focusing on the observational suitable solution for the joint analysis, in Figure 15, we
depict the deceleration parameter for the fractional cosmology obtained for the exponential
potential as a function of the redshift z, with an error band at 1σ CL. We also depict the
deceleration parameter for the ΛCDM cosmology as a reference model. From this figure,
we can conclude that this solution only represents an always expanding solution and does
not exhibit a transition between a decelerated solution and an accelerated one such as
the ΛCDM model. The deceleration parameter for this fractional solution is constant and
given by q = −1 + α−1

0 , with a value at 1σ CL of q0 = −0.28 ± 0.03 at the current time; i.e.,
this solution also represents a less accelerated solution than the ΛCDM cosmology at the
current time. Nevertheless, we must again emphasize that this solution is only a particular
solution and does not represent the complete picture of fractional cosmology. This solution
sheds some light on the capability of fractional cosmology in describing the cosmological
background, where, as we can see, we can obtain an accelerated solution at the current time
without invoking any dark energy.

Ultimately, we construct the H0(z) diagnostic [114] for the observational suitable
fractional solution, which can give us insights into the possibility of alleviating the H0
tension. Following this line, the H0(z) diagnostic is defined by

H0(z) = H(z)/
√

Ωm,0(1 + z)3 + 1 − Ωm,0, (108)

where the Hubble parameter is obtained numerically by H(z) = Hth(z). So, in Figure 16,
we illustrate the H0 diagnostic for the ΛCDM cosmology and the fractional solution



Fractal Fract. 2024, 8, 626 31 of 40

as a function of the redshift z, with an error band at 1σ CL. This figure shows that at
redshift z > 0.5 (the same redshift where both models are moving away according to
Figure 14), the value of H0 for the fractional cosmology presents a run to values lower than
H0 = 74.03 ± 1.42 km/s

Mpc , obtained by model-independent measurements of cepheid [115].
Therefore, fractional cosmology can be a suitable framework to alleviate the H0 tension.

0.51.01.52.0
z
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Figure 15. Deceleration parameters for the ΛCDM cosmology (red dashed line) and the fractional
cosmology for the exponential potential (solid blue line) as a function of the redshift z. The shaded
curves represent the confidence region of the deceleration parameter at a 1σ CL. The figure was
obtained using the chains of the MCMC procedure described in Section 5 for the joint analysis.
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Figure 16. H0 diagnostics for the ΛCDM cosmology (red dashed line) and the fractional cosmology
for the exponential potential (solid blue line) as a function of the redshift z. The shaded curve
represents the confidence regions of the H0 diagnostic at a 1σ CL. The figure was obtained using the
chains of the MCMC procedure described in Section 5 for the joint analysis.

6. Concluding Remarks

We have developed a new theoretical framework called the Fractional Einstein–Gauss–
Bonnet scalar field cosmology, which has important physical implications. We used frac-
tional calculus to modify the gravitational force with an arbitrary constant fractional-order
derivative. This allowed us to derive a modified Friedmann equation and a modified
Klein–Gordon equation using the Fractional Action-like Variational Approach.

One critical issue is whether the obtained numerical results will be the same if the
model is formulated with another fractional-order derivative. Caputo’s definition of
fractional and integral derivatives has several advantages compared to Riemann–Louville
or Grünwald–Letnikov. First, it considers the values of the function and its derivatives at
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the origin (or, in general, at any lower or upper bound a), making it suitable for solving
fractional-order initial value problems using Laplace transforms. Additionally, the Caputo
fractional derivative of a constant is 0, making it more consistent with classical calculation.
However, after applying different definitions of the fractional derivative to the same
function, we found that they give different results, but all these definitions are equally well–
founded. Physicists can test different definitions of the fractional derivative by comparing
theoretical results with experimental data. Depending on the specific problem, one of the
definitions will show the most significant agreement with the experiment.

In our research, we utilized fractional calculus to derive modified Friedmann and
Klein–Gordon equations, resulting in changes to the gravitational action integral described
in Section 2. We discovered non-trivial solutions related to exponential potential, exponen-
tial couplings to the GB term, and a logarithmic scalar field. Our findings show that we
achieved late-time accelerating power-law solutions for the scale factor and Hubble param-
eter with inverse time power-law expansion, as discussed in Section 3. We also analyzed
the phase space structure using linear stability theory and examined the dynamical effects
of the Gauss–Bonnet couplings. The stability analysis of the solutions, which is a critical
aspect of our research, was conducted in Section 4, where we presented a reconstruction
procedure for the potential and the coupling functions. To reconstruct the other param-
eters characterizing the solution, we utilized the chains obtained in our MCMC analysis
described in Section 5 for the fractional cosmology in the case of the joint analysis. Addition-
ally, by considering that α = 2/m, we derived specific approximate values for cosmological
quantities, assuming they are definable, as the fractional modification of the derivative
concept can yield results that closely align with observational cosmological measurements.
Notably, the parameters m and α0 were estimated using data from cosmic chronometers,
type Ia supernovae, supermassive Black Hole Shadows, and strong gravitational lensing,
indicating that the solution is consistent with an accelerated expansion (q(z) < 0) at late
times with the values α0 = 1.38 ± 0.05, and m = 1.44 ± 0.05. The Universe’s age in the
literature was reported as 26.7 [Gyr] for hybrid covarying coupling constants together with
tired light models in [116] using Pantheon + data fit parameters with 5.8 [Gyr] at z = 10
and 3.5 [Gyr] at z = 20, giving enough time to form massive galaxies. However, in previous
works within the fractional cosmology context, the authors reported other Universe ages
that are larger than expected under the standard paradigm; for example, 33.633+14.745

−15.095
[Gyr] (CC), 33.837+27.833

−10.788 [Gyr] (SNe Ia) and 33.617+3.411
−4.511 [Gyr] (joint) were reported in [74].

Moreover, the value 25.62+6.89
−4.46 [Gyr] (SNe Ia+OHD data) at 3σ CL was obtained in [75].

Our research reports a value of t0 = 19.0 ± 0.7 [Gyr] (SNe Ia+CC+GL+BHS) at 1σ CL. Still,
it could be larger than the age of the Universe expected under the standard paradigm.
However, these values do not contradict the minimum bound expected for the Universe’s
age imposed by globular clusters t0 = 13.5+0.16

−0.14 ± 0.23 [117], and, as far as we know, the
maximum bound does not exist and is model-dependent.

We then used Bayesian analysis to determine the value for µ for the scaling solu-
tion found for the exponential potential; we also examined the chains generated in our
MCMC analysis outlined in Section 5 for the ΛCDM model when performing joint analysis.
Thus, using Equation (88), we derived the approximate values of µ = 1.48 ± 0.17 and
µ = 4.974 ± 0.10 (consistent with Ωm,0 = 0.311 ± 0.016 and h = 0.712 ± 0.007). We focused
on finding an appropriate observational solution for joint analysis (with µ = 1.48 ± 0.17).
Hence, we depicted the deceleration parameter for fractional cosmology with an exponen-
tial potential as a function of the redshift (z). We also included an error band at a confidence
level of 1σ. We used the ΛCDM cosmology as a reference model. This solution shows
a constant deceleration parameter and does not transition from a decelerated phase to
an accelerated one like the ΛCDM model. The deceleration parameter for this fractional
solution is constant and given by q = −1 + α−1

0 , with a value at a confidence level of 1σ of
q0 = −0.28 ± 0.03 at the current time. This means this solution represents a less accelerated
expansion than the current ΛCDM cosmology. However, it is essential to note that this
solution is only a specific case and does not represent the complete picture of fractional
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cosmology. This solution provides insight into the potential of fractional cosmology in
describing the cosmological background, showing that we can achieve an accelerated
expansion at the current time without invoking dark energy.

We have constructed the H0(z) diagnostic [114] to analyze the fractional solution for
observational suitability. This diagnostic provided insights into the potential to alleviate
the H0 tension. Following this approach, the H0(z) diagnostic (108) involves obtaining
the Hubble parameter numerically as H(z) = Hth(z). We have plotted the H0 diagnostic
for both the ΛCDM cosmology and the fractional solution as a function of the redshift z,
along with a 1σ CL error band. Our analysis reveals that for redshifts z > 0.5, the value
of H0 for the fractional cosmology consistently trended lower than H0 = 74.03 ± 1.42 km/s

Mpc ,
which was obtained from model-independent measurements of cepheids [115]. Therefore,
fractional cosmology shows promise as a framework for addressing the H0 tension.

Our model identifies various equilibrium points corresponding to cosmological scenar-
ios, including accelerated and scaling solutions. The scaling behavior at specific equilibrium
points suggests that the geometric corrections in the coupling to the GB scalar can replicate
the behavior of the dark sector in modified gravity. Moreover, attracting scaling solutions
solves the Coincidence Problem.

This cosmological model, derived from fractional calculus, is consistent with recent
cosmological observations and provides an alternative explanation for cosmic acceleration,
distinct from the ΛCDM model. Our results build upon and significantly enhance previous
work in the field, emphasizing the practical implications of fractional calculus in cosmology.
Additionally, our model shows promise in addressing the persistent tension in the Hubble
constant, offering hope for future research [76].
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Appendix A. Variational Equations

We start with an action defined as [95]

S =
1

Γ(µ)

∫ τ

0
L(θ, qi(θ), q̇i(θ), q̈i(θ))(τ − θ)µ−1 dθ, (A1)
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where q̇i(θ), q̈i(θ) means integer order derivatives with respect to the argument θ.
To obtain the equations of motion of the fields, we do the infinitesimal transformation

of the fields
qi 7→ qi + δqi, δL = L(qi + δqi)−L(qi). (A2)

Then, we write the variation of the action:

δS =
1

Γ(µ)

∫ τ

0

[
(δL)(τ − θ)µ−1 + Lδ((τ − θ)µ−1)

]
dθ

=
1

Γ(µ)

∫ τ

0

[(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i +
∂L
∂q̈i

δq̈i

)
(τ − θ)µ−1

]
dθ.

(A3)

We can integrate by parts:∫ τ

0

∂L
∂q̇i

(τ − θ)µ−1δq̇i dθ =
∂L
∂q̇i

(τ − θ)µ−1δqi

∣∣∣τ
0
−
∫ τ

0

d
dθ

[
∂L
∂q̇i

(τ − θ)µ−1
]

δqi dθ, (A4)

∫ τ

0

∂L
∂q̈i

(τ − θ)µ−1δq̈i dθ =
∂L
∂q̈i

(τ − θ)µ−1δq̇i

∣∣∣τ
0
−
∫ τ

0

d
dθ

[
∂L
∂q̈i

(τ − θ)µ−1
]

δq̇i dθ

= − d
dθ

[
∂L
∂q̈

(τ − θ)µ−1
]

δqi

∣∣∣τ
0
+

∂L
∂q̈i

(τ − θ)µ−1δq̇i

∣∣∣τ
0

+
∫ τ

0

d2

dθ2

[
∂L
∂q̈i

(τ − θ)µ−1
]

δqi dθ.

(A5)

Therefore, the variation of the action can be written as

δS =
1

Γ(µ)

∫ τ

0

{
∂L
∂qi

(τ − θ)µ−1 − d
dθ

[
∂L
∂q̇i

(τ − θ)µ−1
]
+

d2

dθ2

[
∂L
∂q̈i

(τ − θ)µ−1
]}

δqi dθ

+

{
∂L
∂q̇i

(τ − θ)µ−1 − d
dθ

[
∂L
∂q̈

(τ − θ)µ−1
]}

δqi

∣∣∣∣∣
τ

0

+
∂L
∂q̈i

(τ − θ)µ−1δq̇i

∣∣∣∣∣
τ

0

.
(A6)

Then, assuming that δqi(0) = 0 at the lower end, we have the equations of motion:

∂L
∂qi

(τ − θ)µ−1 − d
dθ

[
∂L
∂q̇i

(τ − θ)µ−1
]
+

d2

dθ2

[
∂L
∂q̈i

(τ − θ)µ−1
]
= 0. (A7)

For the more general case where the Lagrangian depends on derivatives of up to order
n > 2 of the generalized coordinates qi, the same procedure can be used to show that,
through successive integration by parts, alternating signs emerge, and the equations of
motion are

n

∑
k=0

(−1)k dk

dθk

 ∂L
∂
(

q(k)i

) (τ − θ)µ−1

 = 0. (A8)

Appendix B. Stability Analysis of Power-Law Solutions

In general, when we have an ordinary differential equation

F (t, ψ(t), ψ̇(t), ψ̈(t), ...) ≡ 0, (A9)

where t is the independent variable and ψ(t) is the dependent variable; we can provide
the analysis of the stability of the solution ψs(t) in the interval 0 < t < ∞ using similar
methods as in [92–94]. Defining the new time variable

t = eτ , −∞ < τ < ∞, (A10)
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such that t → 0 as τ → −∞ and t → ∞ as τ → ∞, as well as the ratio

u(τ) =
ψ(τ)

ψs(τ)
, (A11)

where ψ(τ) = ψ(eτ) and ψs(τ) = ψs(eτ) are given. Notice that, evaluating at ψs(τ), we
have u = 1; therefore, defining ε = ψ(τ)

ψs(τ)
− 1, the solution is shifted to ε = 0. Let

ψ′ ≡ dψ

dτ
, (A12)

then,

ψ̇ =
dτ

dt
ψ′ = e−τψ′, ψ̈ = e−2τ

(
ψ′′ − ψ′). (A13)

Therefore, Equation (A9) becomes

G
(
τ, u(τ), u′(τ), u′′(τ), ...

)
≡ 0. (A14)

According to (59), ψ(t) satisfies

ψ̈ = c1 + c2
ψ

t2 + c3
ψ̇

t
, (A15)

where c1, c2, and c3 are the constants. Additionally, given the solution found for the
exponential potential, (46), the critical solution (63) can be expressed as

ψc(t) = c4t2, (A16)

where c4 is also a constant.
Thus, replacing ψ̈, ψ̇, and t, (A15) becomes

e−2τ
[
ψ′′(τ)− ψ′(τ)

]
= c1 + c2e−2τψ(τ) + c3e−2τψ′(τ), (A17)

That is,
ψ′′(τ) = c1e2τ + c2ψ(τ) + (c3 + 1)ψ′(τ). (A18)

Using the definition of ε, we see that

ψ(τ) = (ε(τ) + 1)ψc(τ),

ψ′(τ) = ε′(τ)ψc(τ) + (ε(τ) + 1)ψ′
c(τ),

ψ′′(τ) = ε′′(τ)ψc(τ) + 2ε′(τ)ψ′
c(τ) + (ε(τ) + 1)ψ′′

c (τ).

(A19)

Therefore,

ε′′ψc + 2ε′ψ′
c + (ε + 1)ψ′′

c = c1e2τ + c2(ε + 1)ψc + (c3 + 1)
[
ε′ψc + (ε + 1)ψ′

c
]
. (A20)

Equation (A20) can be written as

ε′′ψc + 2ε′ψ′
c + εψ′′

c +
[
ψ′′

c − c1e2τ − c2ψc − (c3 + 1)ψ′
c

]
︸ ︷︷ ︸

=0, ψc(τ) satisfies (A18).

= c2εψc + (c3 + 1)
(
ε′ψc + εψ′

c
)

(A21)

Due to ψc(τ) being a non-trivial particular solution of Equation (A18), the term inside the
square brackets on the left-hand side of (A21) is zero. After simplification, we acquire

ε′′ + 2ε′
ψ′

c
ψc

+ ε
ψ′′

c
ψc

= c2ε + (c3 + 1)
(

ε′ + ε
ψ′

c
ψc

)
. (A22)
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Note that
ψc(τ) = c4e2τ , ψ′

c(τ) = 2c4e2τ , ψ′′
c (τ) = 4c4e2τ . (A23)

Therefore,
ψ′

c
ψc

= 2,
ψ′′

c
ψc

= 4. (A24)

Hence, by reducing terms, we have

ε′′ = ε′(c3 − 3) + ε(c2 + 2c3 − 2). (A25)

Defining v = ε′, we have the linear system

ε′ = v, v′ = ε(c2 + 2c3 − 2) + v(c3 − 3), (A26)

that was investigated using dynamical systems tools in Section 4 for the choice of the
constants:

c1 =
1

32
[m(−4µ + (µ − 2)(µ − 1)m + 18)− 12], c2 =

m[µ(−µm + m + 4)− 22] + 12
m2 ,

c3 = 2
(

µ − 2
m

)
, c4 =

1
96

m2

(
2m
(
3λ2 + m

)
λ2[(µ − 6)m + 2]

+ 3

)
.
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