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Abstract: The skew distribution has the characteristic of appropriately modeling asymmetric uni-
modal data. However, in practice, there are several cases in which the data present more than one
mode. In the literature, it is possible to find a large number of authors who have studied extensions
based on the skew distribution to model this type of data. In this article, a new family is introduced,
consisting of a multimodal modification to the family of skew distributions. Using the methodology
of the weighted version of a function, we perform the product of the density function of a family of
skew distributions with a polynomial of degree 4, thus obtaining a more flexible model that allows
modeling data sets, whose distribution contains at most three modes. The density function, some
properties, moments, skewness coefficients, and kurtosis of this new family are presented. This study
focuses on the particular cases of skew-normal and Laplace distributions, although it can be applied
to any other distribution. A simulation study was carried out, to study the behavior of the model
parameter estimates. Illustrations with real data, referring to medicine and environmental data, show
the practical performance of the proposed model in the two particular cases presented.

Keywords: skew distribution; multimodal; moments; coefficient of asymmetry; coefficient of kurtosis;
maximum likelihood estimate; moment estimate; acceptance and rejection method; skew Laplace

1. Introduction

Let h and G, respectively, be a probability density function (pdf) symmetric with
respect to zero and a cumulative distribution function (cdf), such that the derivative of G is
symmetric with respect to zero. Then,

fr(y;A) = 2h(y)G(Ay),

is a density function for all A in the reals, Azzalini [1], where A is a skewness parameter,
denoted by Y ~ SK(A). In the case that /1 and G are the pdf and cdf of the standard normal
distribution in (1), the resulting distribution is called the skew-normal distribution, rep-
resented by the expression fy(y;A) = 2¢(y)®P(Ay), denoted by Y ~ SN(A). Furthermore,
when a random variable follows a skew-normal distribution with location parameters
i € R, scale o > 0, and skewness A € R, it will be denoted by Y ~ SN(, 0, A).

Although the skew distribution (see [1]) can function appropriately in a wide variety
of environments where the data exhibit unimodality, this model does not perform well
in the presence of multimodality, that is, when there are multiple modes or peaks in the
distribution empirical. The presence of multimodality can be explained by different reasons,
including the existence of multiple groups or subpopulations with unique characteristics,
or by the existence of latent variables that significantly influence the distribution of the
population. In such cases, a mixed distribution is one of the first alternatives considered for

—00 <y < oo (1)
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modeling; however, its use implies addressing the problem of non-identifiability. Various
methods for introducing new flexible probability distributions can be found in the statistical
literature. There are many examples that we could mention, but the approaches proposed
in Elal-Olivero [2], Gémez et al. [3], Venegas et al. [4], and Bolfarine et al. [5] are especially
attractive when trying to propose a new bimodal distribution. The objective of this article
was to develop an alternative multimodal family for the skew-normal distribution, for
which we propose a weighted version, Fisher [6] and Rao [7], of the skew distribution that
can present asymmetric shapes with up to three modes. We provide evidence that new
family performance, being flexible in both asymmetry and ways involving bimodality, can
overcome some important distributions in the literature.

Gomez-Déniz et al. [8,9] present two extensions of the skew-normal family, to model
bimodality and multimodality.

The first is defined by

Fr(yiAa) = gy (y)[Gx(Ay +a) + Gx(Ay —a)], 0

where gy is a density function that is symmetric about zero, and where Gy is a cdf of a
distribution also symmetric about zero, y € R, a € R, A € R.

The second is defined as follows: if f is a symmetric pdf around 0, defined by f(w,(x)),
with w,(x) = x — £, where « > 0 and F is the corresponding cdf, then we have the
following family of bimodal asymmetric distributions:

2F(Ax) f(wa(x)) , x#0
gl M) = 3)

£(0) , x=0.

These models present more flexibility than the skew family of distributions, since for
different values of the parameters they provide a distribution that can present unimodality
or bimodality. On the other hand, Reyes et al. in [10,11] present bimodal distributions for
the exponential case and Birnbaum Saunders, respectively. In this paper, we present a
modification to the family of skew distributions given in Equation (1), which also includes
the Azzalini family of skew distributions (see Azzalini [1]) as a particular case. The
methodology used is based on the multiplication of Azzalini’s proposal by a polynomial of
degree 4 and by adding a new parameter to the family. This new family is shown as an
alternative to the families presented by Gémez-Déniz et al. [8,9].

This article is organized as follows: In Section 2, an expression is obtained for the pdf
of the new family along with its most relevant properties: moments, kurtosis coefficient,
and log-likehood function. In Section 3, the particular case of the normal distribution is
studied. In addition, a simulation study is included, in which the behavior of the estimators
of the proposed family for this particular case is evaluated. Two applications to real data
are shown, one related to medical data and the other to environmental data. In Section 4,
the particular case of the Laplace distribution is studied. In addition, a simulation study is
included, in which the behavior of the estimators of the proposed family for this particular
case is evaluated. An application to environmental data is shown. Finally, Section 5 presents
the discussion.

2. Modified Generalized Skew Distribution
2.1. Density Function

Let Y be a random variable, let & be a density function symmetric with respect to
zero, and let G be a cumulative distribution function whose density is also symmetric
with respect to zero. We will say that Y is a distributed Modified Generalized Skew (MGS)
with parameters a that control the number of modes and A the skewness, denoted by
Y ~ MGS(a, A).
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Theorem 1. Let Y ~ MGS(«, A); then, the density function of Y is given by

fr(y,a,A) =

e (L) H)GOw), @

wherey € |, A € R, « > 0, and py is the moment of order 4 of a random variable X with a skew
distribution of parameter A.

Proof.
/j:o fr(y)dy = /j:o Co (1 + ocy4)2h(y)G()Ly)dy

= G [ /_0; 2h(y)G(Ay)dy + /_ o; ay*2h(y) G(Ay)dy

= Co[l +aE(X*)]
= Co[l +1Xp4]
= 1,

where Cy = and p4 is the moment of order 4 of a random variable X with a skew

1
1+apy
distribution of parameter A. [

2.2. Important Results

In this section, we present some results of the MGS distribution.

LetY ~ MGS(a,A), A € R, and & > 0; then:
Lo fr(y0,0) = h(y).
2. fr(ye,0) = g (1+ay*)i(y).
3. fr(:0,A) = 2h(y)G(Ay).

Item 1 indicates that if both parameters are zero then the family of symmetric density
functions is recovered. Item 2 shows that when A = 0 a family of uni or bimodal symmetric
distributions is obtained. Finally, Item 3 indicates that if « = 0 then the family of skew

distributions is obtained.
The above results are illustrated in the following diagram:

« =0, h = Normal — SN(0,A) — A =0 — N(0,1)

MGS(«a,A) « =0, h = Logistic —» SLOG(0,A) — A =0 — LOG(0,1)

<

a =0, h = Laplace — SLP(0,A) — A =0 — LP(0,1)
2.3. Moments

The following statement shows the moments for the MGS distribution. These depend
on the moments of the skew distribution.

Proposition 1. If Y ~ MGS(«, A) then forr = 1,2, ... we have

1
pr = B[] = ool +aprss]

wherey € R, A € R, « > 0, and p, are the moments of order r of a random variable X with a skew
distribution of parameter A.
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Proof.
pro= E[Y']

— 1 = r 4

= Toap |2 OGOy
_ 1 « r r+4

= Tran |20 ey RGOy
= 1+aps Pr Or+4]-

O

The first four moments of Y are given in the following corollary:

Corollary 1. IfY ~ MGS(a, A) then

mo= 3 +1ap4 [o1 + aps]
1

He = 14 2pa [02 + ape]
1

M= T [03 + ap7]
1

= Tan loa + aps],

Proof. Replacing these expressions in Proposition 1, for r = 1, 2, 3, 4 the results are
obtained. [J

Corollary 2. IfY ~ MGS(a, A) then

E(Y;a,A) = —E(Ya,-A), if r odd,
E(Y5a,A) = ! / 20" (1 +ay*) f(y)dy —E(Y";a, —A), if r even.
1+a0s J—oo
Proof.
. — 1 " r 4
ENia ] = oo [ 2 (e hiy) Gy
— 1 * r 4 _ _
= Trap L Qa1 G(-Ay)ay)
— 1 ~ r 4 _ T,
= T |2 ey ~E i, -]

For r even and odd we obtain what is required. [
Corollary 3. IfY ~ MGS(«, A) then

Pr(a,A) = —pi(a, =)
ax(e,A) = ax(e,—A).

Proof. Using Corollary 2 and substituting into the standardized skewness coefficients (31)
and kurtosis («a;) given by
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p3 — 3pop + 2443

g1 = 37
[(Vz - H%)]
wy = M4t 6t —3p)
(w2 — p3)?

respectively, the result is obtained. [

2.4. MGS Distribution with Location and Scale Parameters

The family of distributions MGS(«, A) can be extended by means of a linear transfor-
mation, introducing location and scale parameters, adding more flexibility to the model
proposed in (4).

LetY ~ MGS(a, A); then, Z = u + oY follows a Modified Generalized Skew model
with location parameters y and scale o denoted by Z ~ MGS(u,0,a, ), and its density
function is given by

Fo(zm,00,0) = U(ljm) <1+a<27‘)4>h(27‘)c<)\(27‘>), 5)

wherez € R, A € R, « > 0, and p4 is the moment of order 4 of a random variable X with a
skew distribution of parameter A.
The moments of the distribution of Z ~ MGS(u,0,a, A) are given by

Proposition 2. Let Z ~ MGS(u,0,x, A); then,

r

" o__ o P\ i i 1 rr?’—ii, .
B7) = Ellp+ o)) = 3 () otn = e 3 (7)ol apil,

oy are the moments of order v of a random variable X with a skew distribution of parameter A.

Proof. By developing the Newton binomial and placing the moments given in Proposition 1
into E(Z") the result is obtained. O

2.5. Log-Likelihood Function

Let z1,2p,...,2z, be a random sample of a variable Z, such that Z ~ MGS(6) with
6 = (u,0,a, A); then, the log-likelihood function is

10,z) = —nlog(a)—nlog(1+[xp4)_'_ilog{l_i_a(;zi;y)zi}

i=1

-Ls{n(272)} - Bsfe(1(324) )}

Partially deriving the log-likelihood function with respect to the parameters and solving
the system of equations in numerical form, we obtain the maximum likelihood estimators
of the parameters y, 0, &, and A.

3. Normal Distribution Case

Let us consider the particular case in Equation (5) when i = ¢ and G = ®. If arandom
variable follows a Modified Generalized Skew Normal (MGSN) distribution then we will
denote itby Z ~ MGSN(y, 0, &, A), and its pdf is given by

preneen = a1 ()5
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whereze R, ueR,0>0,A R, anda > 0.

Figure 1 shows the density function of the proposed model MGSN for the parameters
u = 0,0 =1, and different values of « and A compared to the Gémez-Déniz [8] model
for the normal case, called the Generalized Skew Normal (GSN) distribution. In this
representation, the great flexibility of the new distribution can be seen to model unimodal,
bimodal, and trimodal data with only two parameters, while the GSN model is only
unimodal using the same number of parameters:

o] 0
<) o
— MGSN(0,1,2,0.5)
- = GSN(0,1,2,0.5)
< | N <
<] )
@4 “
2 ° > ©
£ £
= c
] @
0 o 0O o
c =}
'
[
'
] bl .
<] S 7
’
’
o o £
o IS
T T T T T T T T
-4 -2 0 2 4 -4 -2 2 4
z
@
<)
< — MGSN(0,1,0.5,0.1)
— MGSN(0,1,0.5,6) n S \| == esNpELes0)
- - GSN(0,1,0.5,6) [
© [
= I
(. )
o IS
2 2
g < | 3
o © o N
[a] o o
N
(<) ]
S
= QS
o IS
T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
z z

Figure 1. Plot of MGSN pdf (solid line) and GSN pdf (dashed line) for different values of « and A.

Proposition 3. If Y ~ MGSN(u, 0, a, A) then its density function presents at most three modes.

Proof. Without losing generality, we consider Y ~ MGSN(0,1, a, A) and the parameter A
only affects the asymmetry; we can assume A = 0 in the density given in (6); then,

_ 1 4
) = 3y (1) o)
Differentiating and equating to zero, we have

afgf’) = (1 + “y“) (—y9(y)) +4ay’p(y) =0,

afy (v)
ay

= —y(l + ocy4) +4ay® =0,
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resulting in a polynomial of degree 5, that is, it has at most three maximums. For the normal
case, A = 0, and values of &« < 0.25, the density is unimodal. Otherwise, it is trimodal when
« is finite or bimodal when &« — co. [

In Figure 2, it can be observed that the graphical representation of the MGSN model

when A = 0 for values of a € [0,1/4) is unimodal, « > 1/4 is trimodal, and when & — oo it
is bimodal.

Density
0.3 0.4

0.2

0.1

0.0

Density
0.3 0.4

0.2

0.1

0.0

0.4
1

— MGSN(0,1,0.2,0) —— MGSN(0,1,0.4,0)
R - = N(©02) — N(0.1)
\ AR

0.3
1

Density

0.1

0.0

Figure 2. Plot of the MGSN model for the case A = 0 and different values of .

3.1. Moments

The moments for the MGSN(0, 1, &, A) distribution are obtained by substituting into

Corollary 1 the moments of the skew-normal distribution given by Henze [12]:

M1

U2

U3

U4

2)

7T

. [)\4(804 +1) 4202100 +1) +1+ 15a]
(1+43a)(A2+1)2

1+ 15«

143«

2
Vi - [200(240 + 1) + 724 (240 + 1) + 2A2(105a + 4) + 3 + 1054
(1+3)(A2 +1)2

3+ 108w

1+3a °

Figure 3 shows the graphs of the skewness and kurtosis coefficients of the MGSN

distribution for u = 0, 0 = 1, and different values of « and A. In the left panel, it can be
seen that for a fixed value of & the skewness coefficient is an odd function with respect to
A. As an example, given & = 8, the value of the skewness coefficient for A = 2 is 0.1234
and for A = 2 itis —0.1234. In the right panel, we can see that given a fixed value of « the
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kurtosis coefficient is an even function with respect to A. For example, given « = 8, the
value of the kurtosis coefficient for A = 2 is 3.8962 and for A = 2 it is 3.8962.

Plot Assimetry MGSN Plot kurtosis MGSN

15

= —

N
N
I

SSOUMMS

\
-4 -2 0 2 4
lambda lambda

Figure 3. Plots of the skewness (left) and kurtosis (right) of the MGSN distribution.

Figure 4 shows, in the right panel, the profile of the asymmetric coefficient for different
values of «. It can be seen that for &« = 0 the profile coincides with the profile of the skew
coefficient of the skew-normal distribution. Furthermore, through exploratory analysis we
can conclude that if « — co and A — 0.7923602 then ; converges to £1.700501. Similarly,
we have that for « = 0 the profile of the kurtosis, shown in the right panel, coincides
with the profile of the kurtosis coefficient of the skew-normal distribution. Also, through
exploratory analysis, we can conclude that if ¥ — co and A — 1.023191 then the value of ap
converges to 7.878286, and if « — oo and A — 0 then the value of a; converges to 1.4.

The skewness and kurtosis values for fixed values of « and A, obtained from Table 1,
show numerically that the skewness and kurtosis coefficients are even and odd functions
with respect to A, respectively.

1.5

00, A) 3 — 0y(100, )
0, - a(10,)
N S LA
N R (0, A)

1.0
=
SEEB

0.5

1]
4 2
2 3 g <
9 2
7]
n
sH e e T e
|
o N
S
|
0
e
| o
T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
A A

Figure 4. Profile of coefficient skewness (left) and kurtosis (right) of the MGSN distribution.
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Table 1. Coefficients skewness and kurtosis values of the MGSN model for different values of «

and A.

Coefficient Skewness

Coefficient Kurtosis

o« = -3 A=-=-2 A=0 A=2 A= = -3 A=-=2 A=0 A=2 A=
1 0.1047 0.2326 0 —0.2326 —0.1047 2.7460 2.9395 1.6875 2.9395 2.7460
2 0.1413 0.2907 0 —0.2907 —0.1413 3.1079 3.4253 1.5515 3.4253 3.1079
3 0.1029 0.2659 0 —0.2659 —0.1029 3.2536 3.6492 1.5028 3.6492 3.2536
4 0.0588 0.2307 0 —0.2307 —0.0588 3.3133 3.7625 14778 3.7625 3.3133
5 0.0195 0.1976 0 —0.1976 —0.0195 3.3367 3.8247 1.4626 3.8247 3.3367
6 —0.0139 0.1689 0 —0.1689 0.0139 3.3436 3.8609 1.4524 3.8609 3.3436
7 —0.0419 0.1444 0 —0.1444 0.0419 3.3425 3.8828 1.4450 3.8828 3.3425
8 —0.0656 0.1234 0 —0.1234 0.0656 3.3376 3.8962 1.4395 3.8962 3.3376
9 —0.0859 0.1055 0 —0.1055 0.0859 3.3310 3.9046 1.4351 3.9046 3.3310
10 —0.1033 0.0899 0 —0.0899 0.1033 3.3236 3.9098 14316 3.9098 3.3236
11 —0.1184 0.0764 0 —0.0764 0.1184 3.3160 3.9129 1.4288 3.9129 3.3160
12 —0.1316 0.0645 0 —0.0645 0.1316 3.3085 3.9146 1.4264 3.9146 3.3085
13 —0.1432 0.0540 0 —0.0540 0.1432 3.3014 3.9153 1.4244 3.9153 3.3014
14 —0.1536 0.0446 0 —0.0446 0.1536 3.2946 3.9154 1.4227 3.9154 3.2946
15 —0.1628 0.0362 0 —0.0362 0.1628 3.2882 3.9151 1.4212 3.9151 3.2882
16 —0.1711 0.0287 0 —0.0287 0.1711 3.2821 3.9145 1.4199 3.9145 3.2821
17 —0.1786 0.0219 0 —0.0219 0.1786 3.2765 3.9137 1.4187 3.9137 3.2765
18 —0.1854 0.0157 0 —0.0157 0.1854 3.2711 3.9128 1.4177 3.9128 3.2711
19 —0.1916 0.0100 0 —0.0100 0.1916 3.2662 3.9118 14167 3.9118 3.2662
20 —0.1973 0.0049 0 —0.0049 0.1973 3.2615 3.9107 1.4159 3.9107 3.2615
3.2. Estimate
Let z1,2,. ..,z be a random sample of a variable Z, such that Z ~ MGSN(6) with
6 = (u,0,a,A); then, the log-likelihood function is
n Zi— 4 "z 2
1(6;2) = loge1+a (l) — nlog(1+ 3a) — nlog(o) — ( : >
,; 7 ; V2o
n 7 —
+ Zlog{¢(}\(’ ”)) }
i=1 v
After deriving the log-likelihood function, the normal equations are given by
- 4 Zi—H 3 A Zi—H
0(6;2) *li a =7 +1i(zi—y))xi¢a_o
o o= (1+¢x(zi_”>4> cE\ o (Tl.:lq)()\(zil;ﬂ))
a
4 n
Zi—p Zi
2(6;2) 1 4"‘(0) n+1z zi—p\? /\i zi— i 47(?\( )) .
oo o - i c o o o= o @(2\(2' )) o
= (1 +”‘(T> i=1 =
- Zi—H 4
o0(6;2) i i 3n
o i=1 (1—|—¢x<zih)4> 1+ 3
o
Zi—H
06,2 _ g (mmp) HACH))
oA = o B

Maximum Likelihood Estimators (MLE) are obtained, maximizing normal equations. These
equations do not allow an analytical solution, so it is necessary to use iterative methods.
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3.3. Simulation Study

There are many programs that provide built-in random number generators, but there
are probability distributions that are not covered by such software. In the case of the
MGSN distribution, we use the acceptance-rejection method to generate random numbers
of the distribution MGSN (y, o, &, A) with the pdf defined in (6), according to the algorithm
below. The results of a sequence of n random numbers are stored within a matrix that we
call the n-vector. Since the MGSN distribution has non-finite support, we use a constant
I; > 0 to limit the generated MGSN values. Furthermore, we consider another constant
I > 0 corresponding to the maximum value of the pdf MGSN, which must be evaluated in
the true parameters.

3.3.1. Algorithm

To start the algorithm, we need to define the parameters y, o, «, and A of the MGSN
distribution, as follows:

¢ n: the length of the n-vector.

* Y:arandom variable with MGSN(y, 0, &, A) distribution.

*  fy(y): the MGSN pdf with y > 0.

* [j: alower limit for the MGSN numbers to be generated with [; > 0.

¢ [p: the maximum value of fy with [ > 0.

e U;: arandom variable with a uniform distribution in (—I,1;), U(—1I4,11), in short.
e Uy: arandom variable with a U(0, I;) distribution.

Acceptance-rejection algorithm to generate numbers from the MGSN(u, o, a, \)
distribution:

1. Beginlnput:n,u,o,a, A

2. Output: n-vector,

3. Setl = max,~o{fy(y)};

4. Generate a value uq from Uy ~ U(—I1,11);

5. Obtain a value u; from U, ~ U(0,15);

6. Sety=ujfromY ~ MGSN(u,0,a,A)if uy < f(u1), append y to n-vector; otherwise,
go back to step 3;

7. Repeat steps 3-5 until the length of n-vector is equal to n;

8. end

Computational simulations were performed in the R programming language, using
the “optim” function quasi-Newton method “BFGS” from the “stats” package. We used
a computer with the following characteristics: (i) OS: Windows 10 Pro 64-bit; (ii) RAM:
8 GB; and (iii) Processor: Intel(R) Core(TM) i7-8550U CPU at 1.99 GigaHertz. The algorithm
above was run 2000 times with n = 50, 100, 200, and 500; the average processing time was
0.04565 s. Below, we show the EMVs obtained from the MGSN (y, 0, a, A) model for differ-
ent parameter values and random sample sizes, using the acceptance-rejection algorithm.

3.3.2. Simulation Results

Table 2 presents the results of the simulation study, illustrating the behavior of the
MLE for 2000 samples of sizes n = 50, 100, 200, and 500 of a population with distribution
MGSN(p,0,a,A). Also, it can be seen that the estimates of the parameters are quite close
to the true value, and that the standard deviations and average lengths of the intervals
are small. These results show the expected asymptotic behavior. On the other hand, the
empirical hedges are very close in all cases to the nominal value of 95% confidence.
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Table 2. Simulation of 2000 iterations for parameter estimates for the model MGSN(, o, a, A) by the maximum likelihood method.

n u o A ® i osd(@) Ali() C () ¢ sd(¢) Ali(¢) C(7) A sd(A) Ali(A) C(A) @ sd(a) Ali(a) C(a)
50 0 1 —05 04 00018 04781 1.8743 9355 1.0014 0.1538 0.6028 9410 —0.5577 0.4682 1.8354 9630 05471 03396 13314 93.80
100 0 1 0.5 04 0009 03758 14730 9540 1.0045 0.1202 04712 9530 —0.5226 02915 1.1427 96.85 04688 0.1826 0.7159 94.30
200 0 1 —-0.5 0.4 0.0079 0.2796 1.0961 95.50 1.0007 0.0919 0.3602 95.45 —0.5153 0.2800 1.0977 98.30 0.4357 0.1102 0.4319 94.10
500 0 1 —05 04 00108 0.1640 06428 9580 1.0035 0.0540 02118 9535 —0.5087 0.1024 0.4016 9590 04132 0.0619 02427 9425
50 0 1 0.5 2 0.0015 0.2185 0.8564 95.50 1.0009 0.0866 0.3394 95.25 0.5146 0.1529 0.5995 95.75 24454 1.2979 5.0879 91.50
100 0 1 0.5 2 0.0016 0.1434 0.5621 94.60 0.9987 0.0574 0.2250 94.50 0.5043 0.1002 0.3928 9490 2.3937 1.0487 4.1107 92.75
200 0 1 0.5 2 0.0000 0.0991 03883 9450 09991  0.0406 0.1590 95.10 05013 0.0693 02715 9495 22405 0.7663 3.0038 93.35
500 0 1 0.5 2 —0.0018 0.0611 0.2394 94.85 0.9998 0.0245 0.0962 95.05 0.5012 0.0426 0.1670 95.85 2.0869 0.4162 1.6316 94.15
50 0 1 1 05 0.0988 05310 20815 9440 09694 0.1775 0.6956 95.50 1.2925 13780 54016 9445 06736 05719 22417 95.80
100 0 1 1 05 0.0177 04679 1.8342 9405 0.9923 0.1497 0.5870 95.40 12382 1.1636 45613 9595 0.6286 0.4146 1.6253 94.75
200 0 1 1 0.5 0.0195 0.3561 1.3958 94.20 0.9921 0.1148 0.4500 94.50 1.0597 0.5470 2.1441 96.85 0.5683 0.2855 1.1191 96.20
500 0 1 1 05 0.0040 02340 09171 9475 09979  0.0759 0.2974 94.60 1.0260 03869 15166 9895 05257 0.1443 05657 96.05
50 1 2 —-0.5 0.4 09502 09466 3.7106 94.10 1.9923 0.3061 1.2000 95.15 —0.5542 0.6802 2.6664 9790 0.5401 0.3332 1.3062 94.60
100 1 2 —0.5 0.4 1.0117 0.7657 3.0015 94.75 2.0050 0.2456 0.9629 94.80 —0.5215 0.2852 1.1181 9595 04692 0.1814 0.7111 94.15
200 1 2 —-0.5 0.4 1.0322 0.5668 2.2219 95.80 2.0121 0.1784 0.6992 95.05 —0.5217 0.3113 1.2204 98.85 0.4307 0.1126 0.4415 95.60
500 1 2 —-0.5 0.4 1.0152 0.3164 1.2401 95.45 2.0032 0.1039 0.4074 95.85 —0.5061 0.0981 0.3844 95.70 0.4127 0.0616 0.2414 94.15
50 -1 2 0.5 2 09740 04348 17044 9490 1.9900 0.1679 0.6583 94.75 05118 0.1479 05796 9470 23971 1.2988 5.0915 91.85
100 -1 2 0.5 2 —0.9940 0.2864 1.1225 94.25 1.9954 0.1149 0.4502 95.25 0.5084 0.1007 0.3946 9450 2.3808 1.0989 4.3078 92.35
200 -1 2 0.5 2 —0.9934 0.1992 0.7809 95.00 1.9963 0.0797 0.3125 95.05 0.5045 0.0707 0.2772 95.60 2.2129 0.7466 2.9267 93.75
500 -1 2 0.5 2 —09965 0.1254 04914 9540 1.9993  0.0501 0.1965 94.90 05015 0.0435 0.1704 9535 2.0710 04002 15687 94.45
50 -1 1 1 05 —0.9152 0.5354 2.0988 95.50 0.9668 0.1803 0.7069  95.20 1.2361 1.1948 4.6836 93.85 0.6921 0.6102 2.3919 95.60
100 -1 1 1 05 —-09782 04719 1.8498 94.95 0.9921 0.1522 05966 95.30 1.1948 1.0436 4.0910 96.40 0.6291 0.4311 1.6900 95.55
200 -1 1 1 05 —0.9917 03801 14902 9370 09959 0.1221 04786 93.90 1.0810 0.6083 2.3844 9690 05725 02917 1.1433 96.10
500 -1 1 1 05 —1.0064 0.2245 0.8800 94.60 1.0007 0.0730 0.2861 94.90 1.0203 0.2172 0.8512 94.80 0.5274 0.1335 0.5234 94.80

In the above, sd corresponds to the standard deviation, Ali corresponds to the average length of the intervals, and C corresponds to the empirical coverage based on a confidence interval
of 95% of the respective EMV of the parameters.
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3.4. Applications for the Normal Case

In this section, we show two real data applications for the MGSN model given in (6)
and compare their results with the proposed models given in [8,9] for the normal and skew-
normal cases (GSN) and (GSN2), respectively, given in (2) and (3), considering location and
scale parameters, as follows:

Fr (o, A a) = 4)(2(;/;#)) [cb (A(y;”) +a) +<1><A(y;”> _ zxﬂ

and

sym o)) =

3.4.1. Application 1

The data used in Application 1 correspond to the age and frequency of cancer called
Kaposis sarcoma. This is a type of cancer that can form masses in the skin, lymph, nodes,
or other organs without distinguishing the subtypes. The data were collected from the
website of the Office for National Statistics (ONS, Health Statistics section), and they can be
seen in Table A1l in the Appendix (see Appendix A). It can be seen that there is a greater
incidence in individuals aged around 25 years, as well as for those aged about 60 years.
The records were taken during the years 1995 to 2016 and correspond to different regions
of the UK.

Table 3 shows descriptive summary measures of data related to Kaposis sarcoma.
Table 4 shows the values of the maximum likelihood estimates and their corresponding
standard deviations for the GSN2, GSN, and MGSN models. Using the Akaike Information
Criterion (AIC) [13] and the Akaike Consistent Information Criterion (CAIC) [14], it can be
seen that the MGSN model presents a better fit, since its value is lower. Figure 5 shows the
histogram and plot of the GSN2, GSN, and MGSN models for the Kaposis sarcoma data set.
Through the graphical representation, it can be seen that the MGSN model apparently fits
the data better.

Table 3. Summary statistics for Kaposis sarcoma data set.

n Mean Variance Asymmetry Kurtosis

29,131 45.396 416.387 0.313 1.936

0.025
|

—— MGSN

Density
0.015  0.020
1 1

0.010
1

0.005
1

0.000

Age

Figure 5. MGSN distribution (solid line), GSN distribution (dashed line), and GSN2 distribution
(dotted line) for the Kaposis sarcoma data.
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Table 4. Parameter estimates for GSN2, GSN, and MGSN distributions for Kaposis sarcoma data set.

Parameter Estimates GSN2 (sd) GSN (sd) MGSN (sd)
i 37.6241 (0.03552) 37.029 (0.1313) 20.5880 (0.1293)

G 21.0537 (0.0808) 22.052 (0.1050) 18.1833 (0.0674)

A 0.4912 (0.0085) 4.8080 (0.1180) 3.9293 (0.0525)

o 0.0754 (0.0017) 5.525 (0.1350) 0.2488 (0.00412)

AIC 256,212.1 253,832.6 249,300.9

CAIC 256,245.2 253,869.7 249,334.0

3.4.2. Application 2

The second data set corresponds to the duration of the Old Faithful geyser eruption
(see Appendix, Table A2) in Yellowstone National Park, WY, USA [15]. Table 5 shows
the descriptive summary measures of the data related to the duration of the Old Faithful
Geyser eruption. Table 6 shows the values of the maximum likelihood estimates and their
corresponding standard deviations for the GSN2, GSN, and MGSN models. Using the
AIC [13] and CAIC [14] criteria, it can be seen that the MGSN model presents a better fit,
because its values are smaller. Figure 6 shows the histogram and graphical representation
of the GSN2, GSN, and MGSN models for the eruption time data set. Through the graphical
representation, it can be seen that the MGSN model apparently fits the data better.

Table 5. Summary statistics for the eruption time data set.

n Mean Variance Asymmetry Kurtosis

272 70.897 184.8240 —-0.414 1.844

Table 6. Parameter estimates for GSN2, GSN, and MGSN distributions for the eruption time data set.

Parameter Estimates GSN2 (sd) GSN (sd) MGSN (sd)
i 65.1850 (0.2520) 75.5992 (0.1313) 57.5424 (1.5939)

G 13.088 (0.5570) 14.3610 (0.6651) 9.2529 (0.4983)

A 0.6760 (0.1160) —6.2206 (1.9559) 1.7219 (0.3005)

x 0.4660 (0.0380) 7.5214 (2.4209) 1.5183 (0.3818)

AIC 2248.85 2142.43 2077.92

CAIC 2266.74 2156.95 2092.34

—— MGSN
-- GSN
M +++ GSN2

0.05
|
]

Density

Eruption time

Figure 6. Histogram and graphical representation of MGSN distribution (solid line), GSN distribution
(dashed line), and GSN2 distribution (dotted line) for the eruption time data.

4. Laplace Distribution Case

Let us consider the particular case in Equation (5) when h and G are, respectively,
the cumulative and density function of the Laplace distribution. If a random variable
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follows a Modified Generalized Skew Laplace (MGSLP) distribution, we will denote it by
Z ~ MGSLP(u,0,a,A), and its pdf is given by

folzimo,a,)) = U(lim<1+a(‘2?‘)4>h<‘z;”>c(2\(z;”)), 7)

whereze R,y e R,0>0,a04 >0,and A € R.

4.1. Simulation Study for the Case of the Laplace Distribution

Table 7 presents the results of the simulation study, illustrating the behavior of the
MLE for 2000 samples of sizes n = 50, 100, 200, and 500 of a population with distribution
MGSLP(u,0,a,A). Also, it can be seen that the estimates of the parameters are quite close
to the true value, and that the standard deviations and average lengths of the intervals
are small. These results show the expected asymptotic behavior. On the other hand, the
empirical hedges are very close in all cases to the nominal value of 95% confidence.

4.2. Application for the Laplace Distribution Case

In this section, we show one real-data application for the MGSLP model given in (7)
and compare the results with the models proposed in [8,9] for the Laplace and skew-
Laplace cases (GSLP) and (GSLP2), respectively, given in (2) and (3), as follows:

frtmena) = () [F(WTE ) 1 (AT 0

g g g

and

ZF()\(y;V))f<w,x<(y;m>> T

f(0) ;Y=

where f and F correspond to the density and cumulative distribution of the Laplace distri-
bution, respectively.

For the data corresponding to the duration of the Old Faithful geyser eruption (see
Appendix A, Table A2) in Yellowstone National Park, Wyoming, USA [15], Table 8 shows
the values of the maximum likelihood estimates and their corresponding standard de-
viations for the GSLP2, GSLP, and MGSLP models. Using the AIC [13] and CAIC [14]
criteria, it can be seen that the MGSLP model presents a better fit because its values are
smaller. Figure 7 shows the histogram and graphical representation of the GSLP2, GSLP,
and MGSLP models for the eruption time data set. Through the graphical representation, it
can be seen that the MGSLP model apparently best fits the eruption time data set.

su o)) =
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Table 7. Simulation of 2000 iterations for parameter estimates for the model MGSLP(y, 0, a, A) by the maximum likelihood method.

n u o A ® i osd(@) Ali() C () ¢ sd(¢) Ali(¢) C(7) A sd(A) Ali(A) C(A) & sd(@) Ali(a) C(@a)
50 1 1 0.5 0.1 1.0030 0.4398 1.7242 95.45 1.0072 0.1773  0.6948 99.25 0.6178 04746 1.8606 9620 0.1181 0.0718 0.2814 96.40
100 1 1 05 01 09940 03180 12465 9570 1.0058 0.1110 04353 9925 05466 02024 07936 9560 0.1082 0.0412 0.1615 96.40
200 1 1 0.5 0.1 1.0055 0.2534 0.9932 97.50 1.0069 0.1382 0.5418 99.60 0.5171 0.1196 04690 9555 0.1035 0.0239 0.0936 95.15
500 1 1 05 01 1.0147 02726 1.0685 9925 10169 0.1865 07313 9920 05080 0.0854 03347 97.90 0.1007 0.0158 0.0619 96.86
50 2 1 0.5 0.9 2.1006 0.5210 2.0423 93.45 0.9929 0.1054 04132 95.20 0.5452 0.2426 09508 96.05 0.8656 0.5079 1.9910 98.80
100 2 1 0.5 0.9 2.0419 0.3774 1.4793 93.65 0.9948 0.0765 0.2997 94.15 0.5240 0.1396 0.5474 9520 1.1725 0.8377 3.2837 91.60
200 2 1 05 09 20023 02710 1.0623 9475 09998 0.0551 02158 9510 05137 0.0883 03460 9465 1.1924 0.8358 3.2763 93.56
500 2 1 0.5 0.9 2.0042 0.1546 0.6061 94.85 0.9988 0.0333 0.1304 95.20 0.5038 0.0514 0.2016 9530 09972 0.3633 1.4239 94.46
50 0 1 12 09 02215 05439 21320 9235 09627 0.1136 04453 9345  1.0951 04731 1.8544 9565 0.8088 0.5186 2.0329 99.20
100 0 1 1.2 0.9 0.0915 0.4323 1.6945 93.85 0.9854 0.0864 0.3387 94.20 1.2720 0.5473 21455 9415 1.0433 0.7256 2.8445 91.65
200 0 1 1.2 0.9 0.0370 0.3138 1.2301 93.90 0.9939 0.0624 0.2448 94.75 1.3338 0.5349 2.0968 95.25 1.1157 0.7858 3.0803 94.40
500 0 1 12 09 00196 01928 07559 9485 09965 0.0384 01503 9455 12497 02424 09500 94.65 1.0032 04455 17464 95.30

In the above, sd corresponds to the standard deviation, Ali corresponds to the average length of the intervals, and C corresponds to the empirical coverage, based on a confidence

interval of 95% of the respective EMV of the parameters.
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Table 8. Parameter estimates for GSLP2, GSLP, and MGSLP distributions.

Parameter Estimates GSN2 (sd) GSN (sd) MGSN (sd)
i 101.1921 (1.8598) 73.9999 (0.0278) 66.9997 (0.0543)
o 20.3161 (1.3864) 11.5685 (0.70151) 2.6399 (0.0748)
A —8.5204 (4.4833) —7.9486 (3.9974) 0.0583 (0.0149)
o 1.0879 (0.0132) 10.9371 (6.0598) 3.6810 (1.7438)
AIC 2181.30 2148.54 2095.638
CAIC 2195.72 2162.96 2114.061

— MGSLP

§ 7 M- -- GSLP
o -+ GSLP2

Density

Eruption time

Figure 7. Histogram for the eruption time data set and the fit of the graphs for the MGSLP (solid
line), GSLP (dashed line), and GSLP2 (dotted line) distributions.

5. Discussion

We have proposed a new family based on a weighted version of the skew distribution,
which has a parameter, «, that allows modeling data sets that present one, two, or three
modes. That is, we have a family of models that are more flexible than the distributions
proposed by Gémez-Déniz et al. [8,9], considering that these have the same number of
parameters. Its density function, moments, and some properties were studied; it should
be noted that the mathematical treatment is less complex than other distributions given
in the current literature. In particular, when the parameter « takes the value zero the new
family recovers the family of skew distributions. Two particular cases of the new model
were studied, one for the normal distribution and the other for the Laplace distribution.
A simulation algorithm was developed, using the acceptance—rejection method, to obtain
random samples of different sizes from the proposed model, for the two particular cases.
Subsequently, 2000 iterations were carried out for each of these samples, obtaining the
estimates through the maximum likelihood method, using the “optim” function of the
R software, for different values of y, 7, «, and A. This study allowed us to observe the
good asymptotic behavior of the parameter estimates. Two applications were carried
out with real data, one related to medicine and the other to the environment, where it
was empirically shown that the proposed family fits better than the families presented by
Goémez-Déniz et al. [8,9]. This new model is a potential contribution for professionals who
work in data analysis and/or users of statistics.
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Appendix A

Table Al. Data corresponding to Kaposis sarcoma.

Age Number
1 1
5 89
10 342
15 718
20 2352
25 3593
30 3243
35 2533
40 2015
45 1747
50 1562
55 1662
60 1801
65 1915
70 1855
75 1611
80 1203
85 642
90 247

Table A2. Data corresponding to eruption time.

79 74 65 49 51 49 78 79
54 52 73 83 86 57 46 64
74 48 82 81 53 77 77 75
62 80 56 47 79 68 84 47
85 59 79 84 81 81 49 86
55 90 71 52 60 81 83 63
88 80 62 86 82 73 71 85
85 58 76 81 77 50 80 82
51 84 60 75 76 85 49 57
85 58 78 59 59 74 75 82
54 73 76 89 80 55 64 67
84 83 83 79 49 77 76 74
78 64 75 59 96 83 53 54
47 53 82 81 53 83 94 83
83 82 70 50 77 51 55 73
52 59 65 85 77 78 76 73
62 75 73 59 65 84 50 88
84 90 88 87 81 46 82 80
52 54 76 53 71 83 54 71
79 80 80 69 70 55 75 83
51 54 48 77 81 81 78 56
47 83 86 56 93 57 79 79
78 71 60 88 53 76 78 78
69 64 90 81 89 84 78 84
74 77 50 45 45 77 70 58
83 81 78 82 86 81 79 83

55 59 63 55 58 87 70 43
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Table A2. Cont.

76 84 72 90 78 77 54 60
78 48 84 45 66 51 86 75
79 82 75 83 76 78 50 81
73 60 51 56 63 60 20 46
77 92 82 89 88 82 54 90
66 78 62 46 52 91 54 46
80 78 88 82 93 53 77 74
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