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Abstract We investigate the Casimir effect of a rough
membrane within the framework of the Hofava—Lifshitz the-
ory in 2+ 1 dimensions. Quantum fluctuations are induced by
an anisotropic scalar field subject to Dirichlet boundary con-
ditions. We implement a coordinate transformation to render
the membrane completely flat, treating the remaining terms
associated with roughness as a potential. The spectrum is
obtained through perturbation theory and regularized using
the ¢-function method. We present an explicit example of
a membrane with periodic border. Additionally, we consider
the effect of temperature. Our findings reveal that the Casimir
energy and force depend on roughness, the anisotropic scal-
ing factor and temperature.

1 Introduction

The Casimir effect is a physical phenomenon predicted by
quantum field theory that manifests itself through quantum
fluctuations in the vacuum. The effect was first predicted
theoretically by Casimir, who demonstrated that two par-
allel conducting and uncharged plates, separated by a dis-
tance significantly smaller than their dimensions, generate an
attractive force between them [1]. Subsequent studies have
explored additional geometries, showing that the Casimir
effect is sensitive to specific geometric configurations [2].
This effect has been experimentally confirmed with a high
degree of accuracy [3,4]. The nature of the Casimir force
has been discussed in various contexts because different fac-
tors interfere in this effect, including boundary conditions,
topologically non-trivial backgrounds and temperature [5—
7]. Certainly, all these characteristics modify the Casimir
effect and cannot be neglected. The dimensionality of space-
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time plays a fundamental role in the Casimir effect. In par-
ticular, research in low dimensions is essential for under-
standing the behavior of quantum fluctuations generated by
various classes of fields on types of two-dimensional mate-
rials as boundaries, such as graphene family (for a compre-
hensive introduction, see [8]). Knowledge of their properties
will contribute significantly to advances in materials science.

Several different methods, such as the ¢-function regular-
ization method, have been developed to calculate the Casimir
effect [9]. This method allows us to regulate the spectral
sum over all eigenvalues associated with a particular opera-
tor. When considering the finite temperature case, it is often
helpful to approach the problem within the framework of
quantum field theory through an effective action, which can
be expressed in terms of a ¢-function. In this research, our
focus is on the study of the low dimensional Casimir effect
of a rough membrane embedded in a flat 2 + 1-dimensional
manifold that satisfies Dirichlet boundary conditions, where
the effects of temperature are considered.

Our objective is to investigate the Casimir effect in theo-
ries characterized by the breaking of Lorentz symmetry, par-
ticularly in Horava—Lifshitz-like theories. Different studies
have addressed the Lorentz symmetry breaking in this context
[10,11]. Several cases have been investigated, which exhibit
anisotropic behavior, including extensions involving Klein—
Gordon and fermionic fields [12—-16]. Other research on
Lorentz violation has incorporated terms into the Lagrangian
with a preferred direction [17,18]. Furthermore, finite tem-
perature effects in these theories have been explored [19-21].
In a previous study, the Casimir effect has also been studied in
the framework of the Hofava gravity theory [22]. The Hofava
gravity emerges as a viable candidate to complement the high
energy regime of General Relativity [23-25]. This theory is
grounded in an anisotropic scaling of spacetime, leading to
a reduction in general diffeomorphisms and a breaking of
Lorentz symmetry in the ultraviolet. Reduction in symmetry
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gives rise to the appearance of an instantaneous scalar mode
that persists even in 2 + 1 dimensions, in contrast to Gen-
eral Relativity. Therefore, the Hofava theory presents a truly
localized gravitational framework in 2 + 1 dimensions. This
physical mode is the response to carry gravitational interac-
tion in the quantum formulation, even when dealing with a
vacuum and the absence of a cosmological constant [23,26].
The foliation of the theory is defined as a set of spatial
hypersurfaces accompanied by a preferred temporal direc-
tion, which must be preserved by reduced diffeomorphisms.
The most appropriate variables to describe this preferred foli-
ation are the ADM variables [27]. In Ref. [22], we computed
the Casimir effect resulting from the quantum fluctuations
of an anisotropic scalar field on a membrane embedded in a
conical manifold in 2 + 1 dimensions, induced by the pres-
ence of a massive point particle at rest located at the origin
of the coordinates system. Consequently, the Casimir energy
and force depend on the presence of the massive particle
that generates the conical manifold, the anisotropic scaling
factor and the temperature. All these considerations make it
interesting to continue investigating the Casimir effect in low
dimensions in the context of Hotava—Lifshitz theories.

In this research, our primary focus is to investigate the
Casimir effect resulting from the quantum fluctuations of an
anisotropic scalar field acting on a rough membrane embed-
dedin aflat 2+ 1-dimensional manifold, which satisfy Dirich-
let boundary conditions. For a realistic application, we con-
sider roughness as a perturbation from the flat case. Corru-
gated surfaces with diverse geometries have also been studied
[28-30]. To address the non-flat border, we initially imple-
ment a change of coordinates, ensuring that, in the new vari-
ables, the membrane assumes a completely flat border, and
where the remaining terms associated with the roughness are
incorporated into the potential [31]. To find the spectrum of
eigenvalues, we employ perturbation theory up to first order
and utilize the ¢-function in the regularization process. Fur-
thermore, we present a specific example of a membrane with
periodic border. Additionally, we take into consideration the
impact of temperature through the effective action.

This paper is organized as follows. In Sect. 2, we present
the problem of the rough membrane and the solution to
the eigenvalue problem through the perturbation theory. In
Sect. 3, we apply the regularization method using the ¢-
function and determine the energy and force density in the
limit of infinite length. We present an explicit example of a
membrane with periodic border. In Sect. 4, we consider the
effects of temperature on the membrane. Finally, in Sect. 5,
we present our conclusions.
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2 Rough membrane in Horava-Lifshitz theory

The Horava gravity theory emerges as a candidate to com-
plete the ultraviolet regime of General Relativity. This theory
is grounded in an anisotropy between space and time

fl=—z, [x']1=-1, 2.1)

where z represents the anisotropy scaling factor. This leads
to a reduction in the symmetry of general diffeomorphisms
and a breaking of Lorentz symmetry in the ultraviolet sector.
Consequently, the symmetry that preserves the foliation takes
the form

5t = f(1), x' =i, xb),

where the time is reparameterized on itself. Then the foliation
has absolute physical meaning. The most suitable variables
to describe this foliation are the ADM variables. This gives
rise to the appearance of an additional scalar mode, instan-
taneous and even present in 2 + 1 dimensions, making the
theory in this dimension non-topological. The anisotropic
scaling permits the inclusion of new terms in the Lagrangian
density, which remain invariant under this scaling. Following
this concept, it is possible to generalize field theories such
as the Klein—Gordon, electrodynamic, and Yang—Mills theo-
ries. In this present study, quantum fluctuations are generated
by the anisotropic scalar field, whose Lagrangian density is
a generalization of the Klein—Gordon Lagrangian

1
S = 5/ dtd*xN /g

x (g — PCTDVi - ViV Vi) 23)

2.2)

and the equation of motion for the scalar field is

(02 + (=)D, - v, Vi Vi = 0, (2.4)

where the parameter / has dimension of the inverse of mass.
In general, the covariant derivative takes the form

Vii - Vi, Vil ViE = A7, (2.5)

In this research, we will compute the Casimir effect pro-
duced by a membrane with non-flat border embedded in a
2 + 1-dimensional anisotropic spacetime. The membrane is
modeled by the following coordinates

O<x=L 0=<y=a+h(x), (2.6)

where L denotes the length of the membrane, and a represents
its width, with the assumption thata < L. Additionally, 2 (x)
characterizes the roughness of the membrane, satisfying the
condition 4 (x) < a.



Eur. Phys. J. C (2024) 84:62

Page 3 of 7 62

To address the roughness, we implement a change of vari-
ables in such a way that, in the new variables, the mem-
brane exhibits a flat border. The residual terms associated
with the roughness are treated as a potential in the eigen-
value problem. Then, we consider the coordinates x and

y=p(l+h(x)/a), where
0<x=<L, 0<p<=a, 2.7)

hence we can formulate the spatial metric in the new variables
] !/ 2 h/
h
I REDE:
' 2
(1+5% (1+5)

a a
Since our aim is to solve an eigenvalue problem, we compute
the Laplace—Beltrami operator

8ij = (2.8)

2
2 ! /
A=32+ “ +(’Oh) 2 200
)‘ (a+ h)? Poa+h P
N2
" 2 h
h P
_r ( ) 9. (2.9)
a+h (a+h)?

We expand the operator (2.9) in terms of (x) /a up to the sec-
ond order in perturbations with the aim of treating the rough-
ness as a potential. Moreover, in order to operate with dimen-
sionless coordinates we implement the following parameter-
ization:

p = va, (2.10)

Since we consider L >> h(x), we can discard several terms
from the operator in the new coordinates, leading to a helpful
simplification, then the Laplace—Beltrami operator has the
new form
- -\ 2
1 5, 1 2h h 2
A:Eau+a—2 1—7+3(;) 9, (2.11)

with & = h(uL). Once the Laplace—Beltrami operator is
obtained, using Egs. (2.4) and (2.5), we can define a spa-
tial anisotropic operator P associated with the eigenvalue w,
which depends on the scaling factor z

P = (_l)zl2(z—l)Az¢ = wé. (2.12)

The anisotropic scalar field satisfies the following Dirichlet
boundary conditions:

¢u,0) = ¢, 1) =0,
¢(0,v) =¢(1,v) =0.

In accordance with the structure of the anisotropic operator P
in Eq. (2.12), itis sufficient to calculate the eigenvalues of the

(2.13)

Laplace—Beltrami operator defined in (2.11). To achieve this,
we denote A as the eigenvalues associated with this operator.
Consequently, the eigenvalue w can be expressed as follows

O =1E2E

(2.14)

To solve this eigenvalue problem in the presence of a rough
membrane, we choose to use the perturbation theory. For the
zeroth order in perturbations, the partial differential equation
is
1 1
0 2 2 0 0) (0

— A0 = — (ﬁau - ;av) p© =209 (2.15)
The normalized eigenfunction associated with the Eq. (2.15)
corresponds to

¢\ (u, v) = 2sin(nmv) sin(mmu), (2.16)
and hence its eigenvalues are

0 nmw\2 mm 2
- (5 ()

To find the first order eigenvalues in perturbation theory, we
must calculate the following integral

1 1
A = /0 fo dudvp\"y (u, V) M@)oy, (u, v).

(2.18)
~ ~\ 2
2h (h)
= _3(Z=
a a
Therefore, the total eigenvalues up to the first order in per-
turbation theory, are given by

b = () () = [ st

where

M) = iz (2.19)
a

1
+(nm)? / du cos2mmu) M(u). (2.20)
0

Despite the fact that our method is applicable to any rough-
ness h(x), from this point forward, we will consider only
periodic functions. Thus, the integration of the last term in
the Eq. (2.20) is zero.

3 Casimir effect: {-function regularization
The vacuum expectation value of the energy can be regular-
ized using the ¢-function method associated with the eigen-
values (2.14) of the anisotropic spatial operator P [5,9]
tp(s) = 172670

niw\2 mm\2 5 !

— —) - duM

[ (o [ ]

n,meN
3.1

—S5Z
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This function has the structure of the Epstein ¢ -function, then
the integral form of the Eq. (3.1) is

[~2(=1Ds
tp() =~ | AT
X Z exp [—t (rmz + rgmz)] R 3.2)
n,meN
where
o= m? (aiz _ /01 du./\/l(u)), ry = (%)2 3.3)

A suitable representation of the ¢-function is obtained by
using the Poisson resummation [9]

l—2(z—1)s 00 | T 00 )
p(s) = —— / drt**7 ' + drt5*~
P 4r'(sz) 0 Jrirz Jo
1 o0 *JZZHZ 0 —nTm
X 5 + Ze 1y + e tro
n=1 m=1
00 22 m2
2y o)
n,m=1
_2\/;/00 dt t31*3/2 l M
0 2 rir
0 =TT n2 1 0 7ﬂ2m
— e " 4 — e n 3.4)
T TR

Our purpose is to determine the Casimir energy and force
density, taking into account a rough membrane. To accom-
plish this, we must evaluate the case where s = —1/2 and
concentrate on the finite component of the integral represen-
tation of the ¢-function. Consequently, the Casimir energy is
expressed as Ec = %é‘p(—l /2), hence we have

!
4r(=z/2)

2(l+2) r2(1+2)
+
f va

)
1
127 ) 20FD (1 4 2/2) Z (r2n2 + rlmz)

m,n=1

Ec = ln_z_lr‘(l—i-z/Z);R(Z—i-z)

—1-z/2

n=i- Wr( )CR(1+Z)<“/2 ~/2)]. (3.5)

We can notice that when the value of the anisotropic scaling
factor z takes on an even number, it causes the ¢-function to
tend to zero. Therefore, the Casimir energy and force vanish
for these values.

To find the energy and force density we must divide by the
length L. When L tends to infinity it reduces significantly,

@ Springer

hence the energy and force density are given, respectively,
by

1T +2/2)¢r(2+2) 1+2)
fo=1m 42T (—z/2) dmre G0
_ F(1+z/2)§R(2+z)
_ z—1
Fe=0+2)] Il (—2)2)
x lim [ 3D <———/ hdu+— hzdu)]

3.7

If we consider roughness up to the second order in perturba-
tions, the Casimir force density takes the form!

1P +2/2)¢r(2+2)

Fe=(1 [

c=(0+2 47T (—z/2)
. 1 z4+2 (1.
3(z+3)

2qit+4

1 1 2
- (z—1D@E+3) / .
o h du+ 2az+4 < 0 hdu) :|
(3.8)

The unusual aspect in this result is the change in the ori-
entation of the force each time we fixed different z values
[21,22]. As we can see, independent of the roughness struc-
ture h, this change in the orientation of the force density
Fc is determined exclusively by the anisotropic scaling fac-
tor present in the gamma function. To visualize this more
clearly, we consider the case without roughness for values of
z = 1, 3, respectively,
¢r(3)

Fe=—k2 o
¢ 8wa3 ¢

9¢R(5)
16rad
Now, we provide a specific example of a membrane with
periodic roughness considering original coordinates of the
form

(3.9)

h(x) = ecos(ax + 6), (3.10)

where o has units of inverse length unit and 6 is an arbi-
trary phase (e represents a small parameter that indicates the
perturbative nature of /). Taking into account this periodic
function, the Casimir force density takes on the specific form

+2/2) (24 2)
4nT(=z/2)

1 3(z+3) €
N2 T = )

This result is a generalization of what was found in Ref. [31].
In Fig. 1, we can observe an increase in the magnitude of
the force density due to the presence of additional contribu-
tions arising from the second order in perturbations, and to

ra
Fe =1+t

(3.11)

! Note that to evaluate the limit we need an explicit form for the periodic
function 4.



Eur. Phys. J. C (2024) 84:62

Page 50f 7 62

25 3.0

Fig. 1 Casimir force density versus separation distance a. The solid
curves represent the case without roughness (h = 0) and the dashed
curves represent the case with roughness (h # 0), both for different
values of the anisotropic scaling factor z = 1,3, 5

anisotropic scaling factor. As we commented above, for the
cases of even anisotropic values, the force density is zero.

4 Casimir effect at finite temperature

To investigate the impact of temperature, it is convenient
to employ the path integral approach considering imaginary
time, which is associated with the finite temperature in the
system. The path integral for the scalar field is given by

Z= /D¢ exp (S(¢)). 4.1
The effective action associated to operator O is
1
F=-In(Z) = det[(—3% 4+ P)/u]
1
=3 Indet[O/u], 4.2)

where p is an arbitrary parameter with mass dimension, intro-
duced torender the ¢ -function dimensionless. Eventually, the
¢-function will be independent of this parameter w, hence
we set u = 1 for simplicity. Therefore, the Casimir energy
is given by

E 0 r 19 (d )
= — = ——— _— S
€= % 298 \25%©
where £ = 1/T is the inverse of the temperature.
The eigenvalue problem of the operator O is expressed by

, 4.3)
s=0

(=87 + (=1PEVAYY = wo, (44)

whose solution we propose for the anisotropic scalar field
witht € Cis

. 1 2mik, .
¢k,n,m(77xl) =—e ¢ (pn,m(xl)»

4.5)

o

where the eigenvalues from the time derivative are defined by
periodic border, and correspond to wy = 2’;—", with k € Z.
Then, the total eigenvalues associated with the operator O
are given by

2mk\? 2
Ok.pom = (%) + 126D <r1n2 + r2m2)

(Note that 1 and r; are defined by (3.3)). We use the inte-
gral representation of the ¢-function to rewrite the spectral
function as

1 00 o~ 00 00
{O(S):m/o dre'™h Y 3 exp

k=—o0om,n=1

2 Z
x {—t [(i—k> + 2D (rmz +r2m2) ” . (4.6)

As was done in the case of zero temperature, it is possible to
use Poisson resummation in (4.6),

& T(s—1/2)
Var  T(s)

§ i * 3/2
+— / dtt*~
VrL(s) ket Y0

2,2
k ,
X exp |:__§4t — 2D (rln2 + r2m2>Z t] .

to(s) = tp(s = 1/2)

.7

The energy is obtained by taking the derivative of the ¢-
function with respect to s and evaluating it at s = 0. Then,
by integrating it, we obtain

=1
(o(0) = —£cp(=1/2)+2 3 cexp

k.,n,m=1
/2
X |:—$k121 (rln2 + rzmz>Z j| .

The sum over k can be explicitly performed using a geometric
series, hence the Casimir energy is

(4.8)

E—l —1/2) + &1
C—ZCP( /2) +

o0 2 2 z/2
x (rin” + ram?) .49

nm=1| €XpP (flz—l (rin?+ rzmz)z/z) -1

In this result, it is crucial to remember that we need to con-
sider the finite terms of {p when we evaluated at s = —1/2
(see Eq. (3.4)).

The Casimir force density is obtained deriving the Casimir
energy density with respect to the separation a. Henceforth,
we proceed with numerical calculations. In the Fig.2, we
present the force density versus separation distance graphs
for the case of a membrane with periodic border (see exam-
ple in Eq. (3.10)), considering the effects of temperature and
the anisotropic scaling factor. In the Fig.2a, an increase in

@ Springer
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Fe

(a)

Fig. 2 Both graphs represent the Casimir force density versus sepa-
ration distance. a The solid curves represent roughness for different
values of the anisotropic scaling parameter z = 1, 2, 3, with a constant
temperature 7 = 100. The dashed curve represents the case without

the magnitude of the force is observed, which is compared
to the case zero temperature. Likewise, it is noted that as
the anisotropic scaling factor increases, the magnitude of the
force density also increases. In contrast to the case zero tem-
perature, there is a contribution to the Casimir force density
for even values of the anisotropic scaling factor. In the Fig. 2b,
when the temperature increases for a constant value of the
anisotropic scaling factor, there is an increase in the magni-
tude of the force. Therefore, the factors contributing to the
intensification magnitude of the Casimir force density are the
roughness, the anisotropic factor and temperature.

5 Conclusions

We investigate the case of a rough membrane embedded in
a 2 4+ 1-dimensional flat manifold. Vacuum fluctuations are
induced by an anisotropic scalar field, whose Lagrangian is
formulated within the framework of Hotava—Lifshitz the-
ory. Additionally, we consider Dirichlet boundary condi-
tions. To address the roughness, we perform a change of
variables that leaves the edges of the membrane flat, and the
remaining terms are considered as a perturbative roughness
that is part of a potential. To determine the eigenvalues, we
resort to perturbation theory up to first order and apply the ¢ -
function regularization method. We present an explicit case
of amembrane with periodic border. In the scenario zero tem-
perature, both the Casimir energy and force density depend
on the anisotropic scaling factor. For certain values of this
anisotropic factor, the energy and force density change ori-
entation and, particularly, in cases where is even, both the
energy and force density tend to zero. Moreover, the con-
tribution of roughness arises from the second order in per-
turbations, increasing the magnitude of the Casimir effect.
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roughness and z = 1. b Different values of temperature are shown:
solid curve for T = 100, dashed curve for T = 150, and dotted curve
for T = 1000, considering a constant value of the anisotropic scaling
z=3

When we consider the effects of temperature, a significant
increase in the magnitude of the force density is observed.
Therefore, temperature, roughness and the anisotropic scal-
ing factor contribute to the increase in the magnitude of the
Casimir energy and force density.
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